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Summary
Six great theorem in LA:

Dimension Th. All bases for veesp. havethe same number ofvecs,

Dimension of nw sp. + dimensim efnullspace = numbers of cols.
Pank Th. Dimensim of Yow Sp. = dimensim of col sp. This is the rank...

Fundamental Th. The nns sp. and nullspace of A ave otho, complements inIR
There ve ortho. bases cv's and u's for mand c $p.) so that AV;=6:u;.

Spectral Th. If ALA there are orthe. g's. 5o that Aq:=1q and A=QAQT.

LAm a nutshell: singular

Ais inv. rowsleels are ind. Ais not inv: rows/cols are dependent.
det A is not zero. det A is zer.

Axeo has one solution X=o,
Ax= b has me solution x#A'6.

Ax mo has mf. many sohations.

A has n pivots. fullrank ren.
Azsh has no sohution or inf.many.
A has ren pivots, rankren

rref R-1. row/col sp. is all of Rn.
A's all eigenvalues are nonzero..

mef R has at least me zerv now. now/col sp.
zem is an eigenvake of A. dim <

ATA is sym.pos. has n cpos.) singularvalues. A'Ais only sentipos. has ron singular values.
Matriz factorizations .

A =LU. A= LDU A=QR A-x1x1.5=Q10™
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2.3 elimination using matrices

views of matrix multiplications
A

Elimination_matrix /elemantary transform<ET) Fij=(-
permutation matrix Pie ("get) tomayusedy nuld see from o multiply lact vecs

me matrix both steps
8 do same step onto I chows/cols

TT PE.....- E.
to create U = EA

2.4 males for matrix operations A rows • Beels cmp entries)

Mnp seperated muls A tols • Brows (n adds)

(AB)C = A(BCS AB + BA usually
Aros.B

A Bols #

block multiplation , if their shapes permit.. B rows recomb ceomb

block elimination. Schun complement: A tols recomb Coomb)

recomb of A vols
left rw, right col!

30 Ax
X after q linear transform < bases dualy transform)

2.5 inverse matrices

means nxn)
invertibles AA = AA-1 . 39.A

test invertibility:
Mia r o A must have n tnozens pivots.

(not ¾. mt do not have inv.. fur, transpass ® det A mustnot be zen
over diff/R must he the

if all invertible, (AB)-_ BA"L

Gauss- Jordan elmmaticti (@'AED ReA'T bethe
only sohition, not None or

C Jon means back eliuination, the same essence)
of A are independent.

(@ rowliol space ave R1 @"rankA
59 : how you view

& A'T' A math trans!

elim no interceptiat croupling.relling) 7. actson row or wol!!how it produced?
elim isrolling. L. View as E or directy E"2

8. start frmm tip or top ? me can be rolling.
to get at my. must go through rolling ance.
(tum on unrolling way back)
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( triangular /Voolite/Gut decompsitron)
2.6 An upper left subrt.

the whole forwant elimination process twith no rw exchanges) is inverted by!
whic still lower triangular every multiplier lij stands explicitly at rig.
and to unitize pops D Ca diag) out uniqueness: L.D,V,=L2D2V

solving a tri system: ocL Ih itself isc't uniquer leads to LF4,D. D,U,U."

elimination /solving AXFE DC4
U.,must be ding!

•' there also can be writth
A= LU'D depends mn

that's low3 fA=
how you pop D or how

wows •fu

Uz=c a backword substitutinn.
Sparse : faster. for a randomIfull mt. n=lowo on a Re takes /sec,

1210=
, 1100

the zens at start craec)
then n3

will still be reserved m L or U. the band
width.

(/emma : Bis triang. A-BBT is sym.pos. forKAx=D'exBiZOA
positive.

L. B's row axes)T

Chi chases the
compare:

largest Prot in
Lu + cn-b)*t.... col in algorithm. )
Chol

half + sym. credit
algo

A, A'l
to reduce em

Since LUx=b notstable
recursian. Cbig swallonsmall

Ders CEnd: JAi thats da
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2.7 transposes and permutations

inner product. my= xy-y™x the idea behindATis Ax.y = r-Ay
symmetric matrix St= $. antisymmetric matrix ST=-S < skew-sym.>

and ATA always sym.
(and M is S=LDLT)

orthogonal matrix Q-R"ooTED
it's standard cunt/orthonomals
cols of & ore ortho. unitvectors, corthoaxes)

new order , andPT= p™ and can be combed by
(n! kinds, half ord and half even) Several Ry.

Vector Spaces and. Subspaces
3.1 spaces of vectors Vector Space S vec an be matrices even funcs of x.

IR" contains all real eol.vec with n components if v.wins, every camb ov+dw
Subspace of MAlis a vecspace mnside R", cclosune to adds and must be m $.

(Z: one pont space consists of x=0)
must contami Zero.

tol space of A contains all combs of A's cols , which is a subspace ofR*
col space cntains all vecs Ax,. s0 Ax=b * solvable when bisin Cear
we call it's spanned by A's cols-. CA) : ImA Cimager NsA• kerA chemeh
32 the nullspace of A: solving Ax=0 and Rx=o

null space cAD Ca subspace mR") contams all sohition x 6 Ax=o and it must contai

elimmation' from Ato U toRdoes not change the mllspace NSAD= NOUNE MARY

R=mef AD means, reduced row echdon form , has al picts = L, with zens above and
below,

numbers of pints _numbersof nonzero nw$mR= rank rows salse rank of cols)

every matrix with menhas nonzen There are n-r free cols, their iambs is the

50 we have dim Leos+ din fAen.
(nopivot m ( the comb toproduce

itself . or x,=17
(forR cphot rmus and cols)containsL2 (l).

complete Solution of AX=0or

The ranK of A is the true size of Aor a linear system. 'specialsolutron'
A and U and R have r ind. rows/wols.
a ful-rank factor: A=( pivot cols of A)(first r rows of A)

free colver
with Xj=! and

zeros
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3.3 the complete solution to Ax=b

again: If ow/eol vontains apinot, it's not a comb of previous rows/cols ,otherwise i.
U tells us which ronleol are combs of earlier ones , R tells US what those combs

R is always the same (determined by Ab. an and the special sohrtion toAx=0

Three fudmentalsubspaces T cAD choose the pivot cols of A as a basis.

Counting Theorom: choose the nonzer nows of R as a basis.
+

pivot/ind. Tars free nars
choose the special sohition to Rx=0 (Ax=o)

CAL (R, E) will victrally tellyou everything aboxt A, when Ais 59. and hws,

pint vars are determined after free vars are chosen.
RisI and EisA

Complete solution to Axeh: X = (one particnlar solution 7p) t(anyKn m nulspace)

(Ab)
specialsolution
basis)

Ax=5/Rz=d is solvable onlywhen all zen rons of R have zeros

full row rank Y=m when its tol space CcA isR" Ax ab is always solvable ,but may many.
full col rank YEN when its nulspace NAD Z no free vars me solution or nme.

when is solvable. oeparticular Fp can be all free vars equal to zero,pivot vars from d

To conchide, there are four caSes:

ranks

types of R (I) (1 F)
conchision A is mv, every Axsb is solvable, Ax-b has then O or o solurtims

but mf. 1 or0 solutions

o' if Ax=b and Cxeb have same Sonations for every h, that means A=C.

(proof: let x = (1,0,0.-) to get colvec1,=c

3.4 independence basis and dimension

lincar independence: A,7+m½t +A½=0 only happens when all x's are zero.
Any set of n vecs m IRm must be dependent if nom.
basis : clinearlys independent vectors that span the space like pit woh of A for Con

every vector in the space is a unique comb of the basis veas. empty set for Z)

for a space have the same nwberof vecs called dimt, likedimension: All bases " for Ton,
Basis of D.s from basis of M.s when the hange B

of basis matrix is inv. V=WB

din of outputs + dim of nullspace dim of inputs. a dim (Y+w)+dim (VAM)=&mV+dign



a vec that dot to zero falwaysperpendionlar to #)
AB rows are cambs of Bs mows, Ab 5 cols are combs of

A's cols

(S0 its nw/col space contain m B/A's) rankCAB) & rank Av . rank (B). Gi748:4.#74
If multiply by an inv. nt, the rank willnot change, bemuse rankcan't jumpbath

simply through acts.Craulaninversew
a kirchhoff's Law graphs and incidence matrix

since b-o

smce b,-b,-b, is loop, rows
the rank must be 3

are notm. ind. but C1zml,1,0,03 will he in As left nullspace.
(two ind. hops, m-r=5-3-1

kirchhoff's Voltage. Law Ax=b

Kirchhoff 'sCurrentLaw Aly=o balanceequation. nost importarct eq.u
¢½: flows on b; edge) applied maths.

ABuvT: four subspaces are If B have those same subspaces, then Bec.
Generally,mt. A and B have same four "subspaces meanstheir ref equals.
cprrof: same now space is the key. every nov in mefcA) must be comb of mef$B), but

notice in these mef, itmearts each row should be
More Advanced level: Matrix Spaces and Function Spaces
dim ofthe susspace of sym.mts. is #u'+ An
second derivative equtians Solution.

intubut y" = 2 don't form a subspace,
has the basis funcs smz and Clk.

a particular solution ½, *1. then the ~ and 1

complete solution is roxtarrd.

• Fredhom's" Alternative: Exactlymeof these problems hos a sobtion



3.5 dimensions of the four

The Big: Picture: 1 has the same row space as R.
same dim r and samebasis

ann
row space cal space

all Ax
2. The col space of A has dim

al rank equals nw rank. CRanking
DCon# CaRs! but dim Theorem)
(for same combs of col = 0 for A and R

leftnullspace
3. A has same nullspace as R.

din m-r same-dim n-r and same basis.

Fundamental Theorem of Linear Algebra
#. The left nullspace of A has dmm-r;

Part 1. The vol space and now space both hove dim

The nullspaces have dim n-r and m-r
Clouting Thesrem or R'ysolyIR=,

rank-oe matrix: A#uvts col times now, CeA has basis u, LcAT, has basis >
rank-me's sum:LEA=R AER= CR EX.AL

3

(pre-reads a fml-rank deump.) Every
° left cigenvecs.

rankrnt, isa sum of r mank ments;

crank -me expansia)

#: Orthogonality
4:1 or thogenalityof the four subspaces me pporthogenal vectors uTwzo and have

The orthogonal complement of a subspace Y torlains on thogonal spaces nwso for
all > m Vandallwmw

forthegnality is impossible when
Part 2. Wuris the orthocomplemontofTCAS ; in IR3 dmV+ dmW > amm (whole space)

MeaTy is the ortho camplement of Las tniktysince it only can be zero
to be contained in both ortho spaces.>)

This means every& Can be split into 7,+77 when,p,=o RV=0, a now of A an't bem Nea),
A multiples, nullspace rcamponent An goes to Zen A%w30s

Every bin tolspace comes from one and only one ved Fr m ronspace.

There is an rxr iv.mt: hiding inside A.if throw away two nulspaces.
From the nospace to the colspace ,Aisinn, ¢'pseudomverse',3 745
o' the definition of basis has two properties , but one implies the other : ind. S=7 span IR.
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( =C+Dt e =0 or t meae im eo
>2,n=2)' mlspace will got b m q.There ore no Soactins to x =b, we splitting up bapte, o (b=C+D )

4is the least squae soketio , o the square p=A
'Jangth ofAx-b is minimzed: E- Ax-bnoing * e

by geomety Hhe newest peietisthe pejestim, sebve h=A
*the pártial derividives ofEag 2e, 0 whe,By algebra/al culus *
ne get (Ax-6A"o,em sbi )( t; ) ()(A=(( b/

= then A hs ortho olk and AA js dig. Is worth shifting times tby stctm
nge▇ ▇ T ▇ małe vol ot ▇ in adviac▇ Crn-Sbnis. b+Dt-

Like frting a-straight Wine, the wnkotsens c+Dt+ ppeor linearly ir ttng a
b Than =(CiD. E),me thing panabola,dif.( fAhas deendenrt cls, we hase mony scbetins limes,

(A i Vandermorde,

pieudaj , ofA wil cheose the shertest selutt tAkap. mt.(A AAT.) 1or fittmg a plane,vhen A is hd, cels the peudoi , is uşua| left ieu L=
C+DxEy. and so on.)

tt

E



• A=OR-OHR' & diagR allis. with heights hyb
hi tells theheight coli above the plane of

Sols l to i-1,

a ways of aR decamp.: Householder deconp and Givers decomp.
AR's uniqueres: Q,R. O2R2

Givens process: (A has ind.cols D)
oT8,-1= U'U must be diag!

elementary nutation transform: smce we make R positive ding, so U=L. R.Ry.

choose cOS9 - notate am i-i plane

notice that Rij is orthogonal.

then ntate ar:

& cant't al be zevs.)
S0 A= (R is better for sparse matrix.

An-1) A

Householder, process:
or the. mts' pnduct is also ortho.

elementary reflection transform: H-1-2ww™ notice that His orthogenal and sym.

choose we to reflecta to e (o"2 where Awecy CH = 2P-I ano. way)

thenpreserve col l and rowl.

chose
find Ha A. to make

To conchide:
Gram-Smidt small mt.; generate qinevery step

not for sparse mt.; not stable ; save all nit. thus cost large spae.
suitable for dense mt.; not calculate Q explicitly cif only weedR).
not generate @ surtilfinished; not for sparse mt.
suitable for sparre nt.

^ nt generate gs watlfirihed;not for dense wet
a notation mt. -

H. =1-2ww}, u= (o.gsing.



#t orthonormal bases and Gram-Stumide
~ not require s9.!

A matrix & with a thomnal enls satisfies 2Q=l.It leaves lengths wachanged: L
and aso preserves dot:p tancoy=xy. Some O's examples: Rotution. Pernutntion.Reflectin

@-1-2
The least squares Sohution to Qx=h is R=Q'h, the pispeQQb=Ph thus irtis te nimr
(If &is s9 /orthogonal. it spans all space soP-1.ata
Gram -Schmidt process:

Substract from Every new vec its projs in the
then use a Comb lpnj._
The oe-dm prais areuncoupled,

first
directions already set. b-21:(Q,Tb)

At the end, divide the or tho vees by their length.

A,: : an G. in later I's are ortho. to earlier ascand9's.) R= o'A o reognize the

Any man md.vols A can be fuctored. It's useful for least squares: (R's diag IS HAILUBA....) upper tri.

AA = RTR we solve RR-a'h by back substitution CR=R O". The real cost is G-S:Oour3

(modified G-S: more stable than originalwhich substracts all projs at oce. it substracts one
profat a tme asm

Determinants or tho, 1o2)

5.1 the propertiesofdeterminants Idet Al= wlume of box whose sides are A's

0 the det of Inn il. @ the detchanges sign
(sign is the direction &) raws/cols.
when two row exchanged.

4@ the det is a linear funcof eachrow separately. parta' bithy 14 heele*
then there are someimportant corallaries if two rows of A are equal, then detA = o.

5 substracting a multipleatone roufrom ano.ronn leaves A uncranged. 1c 2a,1= 12 3
Dant with a row of 2er0s has dect =0. O ifAis triangular then detA =yj"*Awn diag.

O Sugular At3 detso. inv Asdet to @ the ket AD.s detdtimesdet&, op detdszetg~
the transpose Athas the same det a A

(proof: ha the same three properties

use PA- LU,
thatdefine AI (0@0) . and the ave IBI =0 is
eAsy for AB is singular.)

A try to image these i geometry/



AcT- o then each col of CTis in the nullspaceofA..
( Awxn of rank K-2 or smaller ,all afactors are zero and we only Amd z=0)

So if yau know all cofactors of A twith position)

Conscry- Binet fornula
you would get A.

t gives the det of a sg mt. AB Cesp. AAi when the factors A.B. are rectangular.

San leads to det AB =0,
sin then det AB = sum of (sxs dets inA)(sxs dets inB).

Cs's cols fA correspand with s's rons of B)

Calculate the 2x2 detstunderlined)

o Jacobi forusala The cofactor formula can be generalized. for Laplace expansion )
For nxn mt. we can choose kxkdet times on-kixn-ky det. Then add them with signs,

The sign depends on the permutation of q,.q.h,bmeh Z a and b is the colimn you Choase)

12-1• • 10,3, 2,4.3 6

rank-oe
(eigenvecs on the plane v-5

AsunT has an eigenvestor u. its AsyTu. Other eigenuahus orezeros.

Then we find P's eigens. maybe complex)
everyperm. mt. leaves=C.1. ,1 Tunchanged s• -15

rotation net. Can do the same. find e- •forhigher dim, ab.b..e
•' When a mt. is diagh, the number ofNoNZErO eigervalues is its rank.

AtB. AB might not have A-Ant4y. Ay! It only happens when A.B hove some eigonits.
SeS B-I, AtOLcan have A=Natc for A's eigenvess must m I's eigen. _.
( when 1 hasmuttipliaity. the whole plane spanned hy its eigenvess are eigenComb) for I #t's whed

no interionnection between inver-tibility ... diagonalizabii
1=0



runr a A0 iepermctatio4sS and cofactors thads
(M re: Big Partitio…..)Mhe deterisaxt of any D Watik On be frond m tre wayjs
-piot formug: PA=LU detA = detU=초cproduct of piats)z
)

(we dmk't needr eiharges when ofl the spper leftsbmts. have dat ht.Tekl pivents
deth)d*big frrmld det A프Sun aver all wol permdtatiots P (,p ) detA저.

= det▇ A ▇ ▇▇ 고 chesse 0e erty frox every r and tol.1 * = 《r t a a 서+As 4 lta + a a |년
p에 Bt fe bnane ! ways to order, halt odd ond holf r.y 아 분이 p y

3. wrtactor formdld: detA= AG t " + AiGi end wfacto G ntudes its urrest sige
Gj - 벨ine a vemaves ym0i and of, we an linerly porddet by r ▇ : (-I)

A Q a o penrctrte ly *o ayr meed G vevose,1 a지a , dy/* 1Q
y a A then 씨' det perhutates itef2)

A , - ) + a 4 ) * y (a -4 (et adetA,▇ did wlj.)
9is53 Cramer's nile invere , and volmese

breer's ne sbns desk we sstwct A()*(ba )s.x
det& wehere mat. Bn has the thcoL of repaced byb.te etA

sehving Ms. Ba(Then we tiud the caks ofA"by 0

T와2()(,) (t 2)·() 옮 adA-(*a
det

( y go bt the cotactor matrix C》A direct proof of A a idletAL 기분

the diagartal. M plying factarsfromn biff r0 ▇The factor form la yields det A o*

the cfacter fo m la foe a ewMatrix soker the secand mmu is copied wnct-first r0),a
50 yelds zero,2t L.The triongle wth erners hopa▇ ▇ ▇ area* ▇ 1 * j2

1 1 |We am. prorf that heporaleloegans aea when Af▇ are 최국
or the bax's vohume obeus the determiont properdies .

R 로 s papendicular toi and ,o5s P x ,

triple p* ( ). /, H = determ ant = vohm ,
v v



(o ttsym
mm e tuomn mt. Q, sym.)Heisenbeg's won oertoincty principle : imf,nt.) po ▇ rt. P

P– PQ *l(Tokave P so and Qx o uould reqpuire =0)
Enpfain that lut steg by wing Soowaz hneg=f 2|P▇ || | || .

. (Imposible get pocitinh and maw ntuoSso||P | IQ
error al very small:x

*iA al Bshare e somemnd eqyuanes teanl nij *M4.ntne.
IfAis mXK and B is nsmthen AB aed BA have some1atzer eigenalues.Card|x-| zeros.)

(mxm mXn(p(g3 4 )( ,e0BA) Xm ) Ehos m eivalues of 4B + Ze
they hae some mun vahves;s E- (,) ~ -(BBA) Fhas eivahes ofBA+m 2en

then AuAa is similar AaAp.Same eigenvalues.CB ohesseA)Su aA.3 a MXn in .
uppo,

Gershgorin Girdes: Evezy isithe cirde aroond ome o more dingonal entries Gj
1 - R. |aij(reason, A- Li amgular. t Cannt be j i

ding dou oet.)

* eige vahies ofA epuals eigeuvahues of Smce det-AI) = det u - I)
The eige vectersofA aid A for diffrest X are_pocpendiaular, cepSipm.at'

cige vess are th)ce A = t = , deads t ,,*; e

r =X▇ ▇ ▇ the ejeuio of▇ X,x▇ leodt ▇ ▇ =▇ )
artft eij vectars ofAy . rok-e's sum A* l(

HH= , eveyvl orr os i Htare "Hadan 1ard m trix H, l)Hij = andW a orthogonal, o ca nothe odd *H

(H Hylvester theeren )H — Hadam rd Therem:* -
Aa(a)un onjenchoei | ,Hy)(Hadamar w j ,

thendeti2 equality achievsHeenberg m trix H,1z *( wken AieHcajyj= 1 ond rows ae rd)(a tri. wit one exta diag.)" TH =|H +IH - Fiboaci Fwn))Markmv Matcix (agest sie alue )a bhis tivgeve-i the seodyi'ste.Man, wt, each oolumn adds up to |. Cpsiblity ansfer')
(proo, Sonce n be ;=

A

and Gershogrin cirde elk▇ ▇ ▇s)ti
e h (t)ea Shd



Eigenvalies and Eigenvecton
6.1

An eigen vector E lies along the same line as Ax:Ax=^x The eigenvalue is X.

Then (ArIX=0 and A-ALis singular and detcA-AI) =0 So n. Compute the det of A-AI.

Find the n mts of this polynonial of degreen. 3. for each solve A-AIX=0 to fmd an.

The eigenialies of A'and A"are M'and a"l,withthe same eigenves,

( Vieta's formula geeruetry) The sumof the A's equals the sum down the maic diag of. A ar

called the trace. tA: E AntiQ,y huta.np troth. The poducts of the Ks equals the det of A.
Special ruts, cproperties> lead :to special eigenvalues and eigenvectors

Prej- Phave &e land o: Reflection R. have A=land-1. Rotntion have AzelCandeso
(Only>

Singular mt. has &=Q. Triangular net. has Xs an its diagonal.. Identity mt. has all n Jat.

sym.mt. can he cenipared to real rumber, antisy.mt can he compared to an iuaginary
number.

Orthoganal nit. carresponds to a tomplex numberwith AleL. Fir these three special wts, thein
Cigenvess are perpendiadlar!

b.a diagmalizing a matrix (Normal matrixy

Ax;-Az; are the cols of AX=X . The eigenvalue matrix 'is diagoial and correspond
with the order of KimA.

ind. Cigen vecs diagonalize A: A= XAX-. -X'AX Calso diagmnalize allpowers Ak.

No equal eigenvalues™: ind. x from diff. A. 30 eigenvecs are ind. X is inv. and A is
Equal eigenvakies: A might have tov few ind. eigenvers. x fails.

we have Gu-≤AM¢ geometric multiplicity $ algebraic muleiliaty)
when Gm&Am.Ais not digls

proof:
notsof det(A-AI)=O multiply A several tine

Similar matrices: (4 because maybe to cases during A-AI to

Conly Litself

they allshare the eigenvalues of C.
a,pints here.

Classical crmples:
•(black is zen when 1;) compressed

orie piet. allother G so id.

Jordan form) (=1.02 difference eg.,



Canoa way
Sx ⼊x SrA its cdlyyae Ct wweprar
S PI is Sm o 不上y 以丰⼈

对的阵性庆证明
we can call 尺SegM Ssgnt

Prf of sya mts kas oto eigervec ir aselbreic wnay
计 so fon dagltze we

fiad anbe sAta

A ST x⅞xT XXA AxT od AX Xiz
Inot oioe

YM
对⽅

we kaow f A B sm CAB syMl needs AB BA s A and xx cotwun tauble and hepve Sawe eijene
Smce A ig ding xx myst be lke I TA 路Q ano way a ry cSay WTSy-⼈了
® above hasa Prenise that yw muty an be diayoralued Gx wy A D xyoQ刊

Schurs Tearon Erery reA fictng int QT where Tis wpper Dr and 反LQ Wu上
Cifarmalf has

If A has real eiuhues ter Q and T can be dhosen real T l
Wher ST S Tmst be diagenal S AQ

repeated X sligktly chonge S we drig Ct ic xor wk co othoromal eivess renained
xcal eigenuhes_Sx三⼈x S天三⻛⼜⽂ S⼆元⼊

上 ⼈ XTS XTAx
Call mts have TTd TT⼊

⽂5 ⼆⽂⼊x A Annl positive or zea
Sune sigus with pivots R t te yuqedlegtt io fr mbsyo 2三 天
如 5 LDLT 6 5 902Kpol Y PAE May

when L moves t bit wwe alwys hove PhosdI O o IDI has eigenvalaes piots d's eivale
But to change sign a real eivahe woid aoss zer piwt

mat ix yingular at a marent X
⿐ nipetent wtrinli the flowiy peporibins orc eyuialexts Sono sign chamgt

QA i nilotet Em st A o AtaoA P L ⑨ all AofA 0
ie movig

Bthomor det At kIy k detckAtD L Yk tral o Coyley Hawl tanz Thcocm
Vk efewolynowial detc⼈ A

爱 nen ⼊三⼟ exp syn ortha 加RA附⼊ fu

thes we have fA o

更多美⾏矩阵指教 enf Gines eht ot le eA Ao⻓ ht ekgleBA e1 Bian bealuf
whenAi t X xent are abo ti cyme Aa ND Xi tris Cetee
repeated 2 diaglze is
A xh

imgessible so compute ett ddrecty
efteler It Some nt s xerics stopetdto bt D

euy

mstiyon A s i ten eHt wst siwt
ts 20r0 cg上2

1o we find tetheresntaot its eiyerehes are
KA D dx

ett et

extengimn Losine frm solve l ⼼化 ⽴4 A
h35

es At ⼀
1 AsAt wich amepudShet torint Hoe eos CAtLoy apesfic frmHo G 元r- G x

Gt416c以z



6.3 systems of differertialequations

at if AxsAx then Urts=eox nill solve it. each a and x gives a-ind.solution.
start from "p. .it can be written as comb ax,timtGury arXceunicEx'no

then each cigenvec is muled by clit, the sohation is mu= Ge't,

Matrix exponential form:
At ; eigenvlues are ext (sub AEXAX ute exponential, 3. eAt has inverse.e-At when Ais

antisym, (AT-A) eAtisorthogonal.

(we call A is stable when etro thus all eigenvaluesof A have real part <o. maginary part
w gives oscillation.)

(Not included: if tm A's are equal,with only one eigenves, ann solutiod is needed: tekt)

symmetricmatrices

Every spm. matrix S can be diagonalized, andhas
stable T: Assamt. is

stable when tr xo,

Cinciple Axis / Spectral Theoren)S=QA@T
m real eigenrahues 1; and det >o.

Elite! n orthonormal eigenvectors C" Ir.
The numberof positive eivalues ofs The number of positive pirots of Si proof rps
Artism. matrix A"=-A have imag. A'sand ortho. complexdignsmatcheds

For peal matrices cnonsym.) , complex A'S and r's come in conjugate parrs:

revery orthe. Qhave W=t since then)

positive definite matrices 8.

positivedefinite (sp. S alleivalues zo all pivots 20 - allupper left dets s0

*c'Energy-based def/test)X1 x 70 for all vess x#o (s0 obviously Sipes. Tprs. SitTpes,)

A col ind. cte ruleadwoy, S-AA.cA-Choles-LiD/A-no'etcNox"SxEllAkIzoy
positive semidefinite allowsA=0 piot =o. det=o xSx=0 (X&NS)). Ahas dep.cob.

The axes point alng eivecs of S.half-= engths are _CAE'&_ Yag'zs
(standard form)

A.
ifone A is rieg. ellipse choiges to hyperbola.2



Spw Tpos ⼀ST might hot
bt PoS eivalues STx Ax

TaTsTx

No mal inchydes qym ortsym or tho
⼊

⼊XTT

O N has or thtoramral eigevestors A Q i ond only i Nis rernal W MA
Prof o w eAo sin Sehor T N Ta and Tis A

o SM S ono diag Ortry can be laryer than Awax ue Sehgg
◎ diag entries fall in bebveer the Xs S Ladlerel

⼝ Cmgwence similarity same trunsform OM dHf basis
合同矩阵 Lngence sone blivea o z tersior meone on dif bod
XTAx

XTCACX
T 3 g G Ryy'hon TReRu wt frm T ER'TR

Sone guadatic sufiace on dffbasis 份 00
B In real cmnguerce eaal me sia bcls heep the pos uey inertiainec

In usmplex omngnience eyual rankJordanwanarical fm
妁当标准形

0⻅a S2 A J 承 pdy
gmg

可 grit mwber of cordon blak s mn scale col rf Jorelin blecks
余⼦式的⽅替代CM AM 不X彩 Call ⼈ adds

A XJXI AX XJgohe Teme byore A AI X 0

pwrf of nilot A has A
YAAml

0
ceach Jar bleck A AI K X

SmceAro Aod dlon a mare classical way of Jordan A-AI 不 ⼦y
O Pimory Decoup 0 4 为 C-⼊

7A rdJ
Jo Kgl 根于淮 ye ker M Ly then V Y 5ardokD k l so ksr4b l R望间

Jcokso YAN0tlo e Gelc Decmp Y ppwrww easie9前珍分解 jl

若 因 ttedoecker o N-Apu 送循舔
⼦空间

rank one dewomp Spectrol deap a Jythesis Loacept af decorp A 3x以
铁 分船 语⽅的 GiG 附Ci4S

Gi is idenpet Z the eigerahe G 4路 a404
1 yeveralice ⼼ dl n muk mne mts 42 Tadds 4如 A Dbuinsly t vot wripe

rAd nnkr mt can be espanded by rrak one mts and at Teast r
prrf A con be

Cr r k k genou
elemactay trmnsfmned te PL yQ10AE 三E

and Suce YCA B rAD rB at east shava r S8g

rark mne mts
⼝ Table of Eigens Lwictik ⼊ A Foa
特殊特征值1a量表 kas all Sirgular valies 1 as wel as I

a pmf of tommutable mts hae Canuuo Cigenvecsi Aep narmalnt A have same
A has a ⼊ and ity eigensubspae K Vek X andA win A buA

ABy BAY ABy
So V abe Lixvriant

has uiff arderAbspece af B There mut
be a A that

Thenu is the GoMrlo evec
a Panda纯 Bu k with Au ⼊u



7. The Singular Value Decomposition (SVD) left sin. vegs.h

Z.L image processing by linear algebra
Singular value right sm. vecs.

The SVD seperates any matrix A into rank-ome pieces A=26;u;½T. inoder of importu
The choices of u's and v's are orthon. ¼iTu;=0y. VVabij: the dogma of

has infinite rank_ o has low finite rank. Discard small 6s. mage process.)

1.2 bases and matrices in the SD A=UENT=4,GUT+.+u,6,V,

one way to dedue } AAvi=G'v
J. both ATA. AAT sym.. pos. 2. choose u; ECA). 3. dual to2.

V; chosen to be eigenvecs of AA. (np.u,, and we
* U; are eigenvess

of AAT. s0
with 6; 7O.ur nanzen) can prevf:

again UiLUj.

left V,h" Vn 6 NAY, 6;6:
To conclude

the orthor. colsof U and are the eigen vectors of AA and AA'.
Also those colshold orthon. bases fur the four fundamental sub spaces of A.

then diagonalize A: AV=UE.

full SVD:
esp. When A is pos. (semipes.> sym.met and onlywher

Singulor versus Eigen
cAN A=XAX" QAQTE DEVT CX=U-V;

9020
0003

1=0.0.0.0 jump to# # The singularvalces are always
This shows serious instablity of stable.

,0000 ligen values when AATis far from ATA.
%emerges as fromO.50000
6=3.2.1.0

(At the other extreme, AAT=ATA 'aormal' means A has
ortho. eigen recs and stable eigenvalues. >

A suce s=,we have (for 59.)

one may oe-at-a-tmeinstead of all-at-once:
TEA.= 116, =det A

when x=&,=v,

You can see

with arso when x=.=%
when Xer

a. Sh-0. For next step,



o 매: when g&h arthe,We have .t&▇ vive versa.▇

QA " kas the same 'sas A ▇ aS▇ has sane ▇a .

Cosputing of singular: aS wiany. Aa"-obidiag.
max 기 시le 6 n (( x IA재 6제 ; IA지26ba재.ar *ivsse to A, bul= /지
Narmof msties 를 k 기무▇ ▇ 최-ham. 2-nerm . 여-ha

e지계 - 재6자세lufideard) o
14x IAxeinducing Merm/ opeataor 1oeoi , * 디1세=ma된H emst olsu)." 1재f

P수 Faieiu mam (fomm) · IA2이 ben.(gpctn
MA▇ ▇IA isspetimn mdsy =max 에 =IA7

A) * ax서:) theorem C Ge/fond formd:(V r0. 카 st. 1,수fet (
CAeu ) #ep when lis 2- neri and A is sin “ 1서

DMN 이* ak-oe mndAnow (witec wan ).At뿐써t r",▇
C) R)so svD ofA is equivalext to the dssgealaatien of spn,M ( with eivec ().

(, N다h 3shebp a
* V6 bouab3n

'

Gaoe ▇Aerdht도

30 *(

한 otAbe 시a o*(

이으

' Th t p3psDE *
s ▇

*
a고o akMM 소Ssia 으

A
t-p(* Sie g 2 이으다

aeeagah To*rr E군,

)Ta 유t. 20 ai0x분0*fen oo 5
다



pC | u)

13 principal coupenent analysis: RAby dhe D)
Data cnes in A msbrix samples ond me measuremorts per omple.

)Substracting the mean of eadh to A. Thes SD finds the

'eigeA4(sospler Ca oriasse matix:S= 'o'cenh-'that cactans the most imfa.
– —

envperots od de iadon datiurirdeepns dened vaipc,

Tt =t ), BCIi'gc onts for — oftotal ar.= ittal Variance T * t m m

CA s perpendicular ledst squxres Crthrogonal regressian): (not OLS/vertical least sqpuares !)
A =A

k p.wmaesn,saA+IAu =.
A the squ ed distonces sum ninjnize

(relatio Matrix. C= DAAD = DSD. (and u the seonddirection in oth)*|-

mearureweits may have dff w uits ond oriógieal scaling iswet mevtingh.
Sn.DA makes You hiäve sawe length -1.makes S has ▇ diagby dividingS ▇

pp. Exanples Gewetic variatiun in E rpe. Eigenfaes. 0Model order reducton ,POD.
, a(AWhen Ais ehtered and m n, 's have t most Web mabtria (gerauk) ir.

- rzero.)

, o yield aue
. the geonetry of the SD irdle.S

1AxL ellipsestretohing — otationotatio= ,The n rm1IAll = ma xes .)

teiinep. IAtBl IAl BL , product ineg. IAB1 IB spmf ax▇ timesX
Eskart-Xaong l-Mirsky) Theorn: The cosest rank k mnt tAis A" t .;T

(IA-B|| A-Ak = YB of rcB)=k)

Po lar Decemp. ; like e A= s whee isorthogotal andSis sI.pos Senidef▇
ifAis in ,Sis pos, definite.Q= T, S=V T.rototion stretchimg

the ot ofAA =V (also A=kQ wth k=US is 1s the nearest ortho,met . and e the saneC -Allmm.)

A is the nearst sim.mt toA by chonging Fnis t ze0.



NAT-NA

If A exists. Atis the same as At in that case mener and Ve"UT
smce Itg = (Fo), weget AAt- proj.nct onto the col space of A.

consicely:

cpooj. itself2
A'A = proj.mtonto the rspace of A.

AT an get Axtin col space
back to AAxt=*T in ron spue

row space -InViT

least squares withdependenct cols: AAx=Ah has nef cel space

pseudeiny. gives a way to hoose a best many sohations when A is singular.
selution: **-A+5 which is the shortest

(l xtil two no nuillpace part)solution to AAR=AT and AR-p.

If . is full col rank Cr=n) then it has left inv.L=CATANAT LA=1. At-Lin this case;
If A is full row rank cram) then it has right iv. R= A" AATT AR=1. At-R in this tase.

(prov-f: LA and ALae projis a Co row spaceCR and col space sub of IR", the origin P);
AR and RA the same.)



J. Linear Transformations

&.1 the idea of a linear transformation.
A transformation asigns an output Tors to each inprt vector veV.

Linearity requires Teav+dwrzcTony+ dTawy. Note Tc0120, $0. affine trans. isn't lineac.

Lines - Lines, Triangles Triangles Camb- Comb, So basis is importaut.
A= a mt. form of thederivative TH & with basis 1-x'l nullspace a lineinfunc.p.
and integral give the pseudoinu. Th- J*Gr.cut formAte (110 AA CD.At- 1.
The product of two trans. (STDov= S CTu) still linear." Inverse trans. T" brings every vec

T:V-W Range of T - set of outputs.. Kernel of Ts set i all inputs for which.

3.2. the matrix of a linear tansformation

Every lin,trans. from V ta W can he converted to a matrix. Thismt. depends on bases
Cols of 'Ito n of the matrix will contain those outputsTone to Tern.

Torps comb of antpuxctbasis vectors = ArjW,t+amiW;

For every LEV that veGuiten+cuin, linearitygivesTon sG,Tot: +Galor, as ac.

Multiplication torrespands. TS: U-V-W AB:(xn)(nxp) = (mxp).

Change of basis : Vc al'c', csame vec written m diff baris)
(B contams new basis vecs m tols
written m the standard/old

basis.)
cofoune it's

8.3 the search for a goodbasis 9abwah inv.)

a. Bi-Vand BoutHU:singular necsof A. U"AY = Jiog&. iso metric (deft are ortho.)

3. Bim a Bastie generahied cigenvecsof A. B"AB= ordoni ford. (.p.A butmlyson ind.ves)
Jordan block J.=4 (A-A;1) by tbi (at one block)

Matrices are similar if theyshare the same Jordan from, not otherwise. and BAt by.)
In app. we take J^and eat cmvolves

eAttimes powers l,t, •t$7)

(Jordan form is unstable!)



if1e pormazs L ,z. afieHilbert matrix H
Be is Mot ortho, dnd eqpwal H: bad)it )
H is il|- cnditiomed .

( ar)t w)

*F t
ddeven

E = W
)aw w

()d**ia ) e

A .

wu I +-4w I w w w . I w' —Wpovfof Schuer Theorem: UAU=T. w|I wtI w
Sohur decom.) (Ae ". U utilary, T i)|I/ |So

)*indutiom:find A's a eigenvector E ,expond itto q basis . -D)

uj ( tho,) /=(
Ar then do the same ting on A, til An

finlg(4- 44▇ ▇
Schur inepiaty.eeg, when A t in.

di )el." I+ YI M= - a

raak-oe ▇Ax ▇ ▇ ▇a. M= - , ' A+A
solve A8 = ,caupute C s- e

= " I.3. n+U (Im then y=*+ ..- u)"

- (matrir iaerinc emna -Uw"v,▇ A4▇ ▇
* Hanilten -ayley "Theorei faE det GI- then e have fe) =0.

A%(aollargt canhe simpltfied by t) o ideaingoderdiogmaliäable mts.e deuse.lone ln oAan be expaned by d g () times AogeS

na eonnl th iao tene "yht gnN oe
A



(DFT)
4Bin = Bot = Fourier MatrixF, Fxis a Dioete Fourler Trwosfiorw tim e .

)

노) 서) 폐the eige vecter nt. F diagealizes the persstatiot mt. : e . ( - -

- i/

)는Fis sy . artho Gircwaxt matrix: C=( 3

eige alues otc▇ ▇ C "

없9 2(w itary) ) =최 , i)
its foer sigevales ae gveF=(권t G. p. C

-i-
. The Fow ier basis. , mx, 95X,smzX, ts22*▇ penodic Ond ogynal. so fnoier o

f ) csixdxe, a =나총지x, ,. The Legendre bs. =

ixcosixdx

Coe fremapplymng the - idea to erthoyeaize x,xx.ex, 스, , o 것류 xx
The Cebyshey bass. , -,▇ COS ts0. (remd evexLodd ( )

Campex Vectars and Matrizes bo iti .

smplet phue . plrfion. Autmt(mplex umbers
=e - .

W ary hatricesa1, hermitian and

Real versus Complex in a uctskelWhenyie ta ▇ vec ▇ nct A,take the camplex
ca j gate t ,

해 called Herwitian a adjint. Ao truly sefl▇ net▇ .)
( )" = "(A▇the arder is Ov▇u ▇ ▇dot.p linner : h, CAB)-B

called Heritiax mati . aS8 is real fo Ys all eigen olues ofS is real ,HS =S"

eigewvees from diff eigeoahes are ortho. g"Q"a =L, a" 'o) called w itary.
I =I해 and then l - leads |치=.

ged roe space is o loger Ca but Co .
wFFT -)》

오3 the ast F rier Transfo m c= *t·w -

.: a-
e쯤" . FE xL. 급 ,e kt** the Fowier series 폼helF physical spaefregueney sp these po nts cangles) eq ly pacedoaond,F")

(with w- - Cstry in Mau oolk is w , zerath rs anda co aisor

permte owi+ ▇ ▇ al *=.

Frnt. is the Vandermornde nt.for irterpolationat ▇rec rsio: E ever-odd pem (p)=f)분-폭 a동a a f=(I DaL/는a * t 는

이w G * 이(w'= ) s wiooetcwyea|I -D
w 축- (c's final per ctatioy :eD-= diag c1, , Oa ) ーO laq) bit -reversed order)e



mode

l. Appliastionts -| I0

o o edge= / 0
/ .l grapks and netw rksa l o o |

-

The mcidence m trix A comes fm 4 con cted it n Modes and m edges.
A

edges -form a lop.Elimesimntatimxeduces e ry Oraph ta hree. Ra s' dependoy
N ) The cnstant yec (GCem9) make p the nullpoce , im l. A Use ortegonality
A The_edges of an. t judge 4 ver whethorny tee giverimd,onS, n .

ina spoce of .
A): Ax gives valtage diffsoltageLaw The sompon nte ofAz add to zeo dm -

a wnd all /mpsA. CuuretL Ay s =(fosie-Gomut ahed by op awrenrts,
there e m-rs m- + ind. malb/▇iCisCht,Sice Ohu's any* tee conductonće. Gsiag *Euler's form laif all c , e get the e apko apatianm▇ A7. CWthA and C,No es –Edges Loops=.
Asf we call ita Network.) diSmall

h matrices in engieering (battevies /curet Sores )
AA is moti . one node ho to4t-r▇ +

(c )=fe with bondoryCoditions : be gouded.GX

u o) and ( ) orThus rehove one roe andol.divide the bar mto K pieces of %;
(fised-free' or fized-fixed)rephce y A and - yd, cbey icbnle = )

end ndit ae u 5 and ( or ), (ku f)

cartesponds t Cthusi =Ay, yCe, eAu gbve cAusf
uczaX) -u x) eo –u 4 u yan - cxwe have thvee cheises iAreplaciny — y.x Ax .

heeforward :baskiard(forward diff) - ba okward dif. C ntere

fond-fpne ( )( )fs-pne ()' (' )()fixed- fiked

(at) inA

k' poperties: ( )( ) 3 r.
(0 sym. tridiog. ( ),tus

f harave f*pos, def. (G andAhas in .eo al o l61*

0 sfol owst spose) wbk al aies in n llspace. E
,

S
aleot e t e

t

h te



Some proof ofMarkorat. s properties:
A's cols adds to

willperpendicularto Als shawlywhich means
B.cdecrense to0)finally30

we need to poof that all other kl:

Perron: Frobennis Theorem thes

spectrum radius Pohs smazldcol hereare some equal unditiens: @ in*-00A*s0
(a2-norm)

ote

(A20) specr's monotocity: BeC
specr with Sums 2. Collatz-Nielandt Formula:

AX); conver

only one veR"
(all other d's vec has entries <o)

Creducible: 2Pa* PAP= ($$).
(blockized upper tri.) then A's graph Xstrongly

Connected

sensitivity of eigenvalues A makes small change at , which results in 4n:
4/ = (X+4X)"A+4DCK14X)-XAK- KLX1XXACX+4X2+XJAX-XAX

( omit the seand tem)

now we'll showthat AXaXand x'aX^ cancel on the diag: c xxywith (XMAs
So 4 = XAX

1=0, smgulor; PA1 21 means a C Ax=Ax, Ay-Ay)
since its eigenvec u >0,

• matrix sCries.
shows ther must be extrio

absoluteconverge; o PAZR, diverge



3 Marko Matries Poalation and econonics
Morko mt.드 erery entnriy ofA is porsitive. aip o dz0; evoey sols ofAnlddstl,

MaThen 시 Li larger than any other values, its Vec. y isthe steady state
ePernt -babaasia Thewrsn sAz . Mnanbexsi Aaelut me puitie

F F FiLeslie mt.populatini( L naygbe. E and P dhange in ad mekesPr 1 지a

4 , u
Coaamptio st, d-Ay Weskann/ geomctric Sexies sd "y P*
Leonttie (L-Ar' * I+A+ ,prduct demand.
itcasverges if P시 o피makes ▇ t evstf ▇ A ▇ ▇

( n ot meetextries,
실 demand10.4 linear progrw sisg (A has m n uSualy.)

: minimize C wth Ax (AX b) and 70am al pre blem

Maximize yr wit Aly aond y 0D ual problem

70 and the slack =C-ATy 70 ga e xs 조0 wkidh meons y"b x , wher mat,
mn.eq ality m eans 0 thus either *o o " , he so ves m %.Ay aC in

the m anp▇ ▇ that ▇ ▇ in▇ .
goometry : a feasible set ('trhiangle, maybe wbaorded,

il be e of ce ners, (끼 No2ers and -)The optimal sohutian w 0 Z00S)

(st tem and uompae. the Sm plex method i stort fron Me ceer,
enter me sariable 0- , otters have to adiust toheep A-b,

heinteriar po ▇ metheds copte G and choose thast gnves the most ney. change.)

then dicide ha mcoh it r enter and drop Me var. tO.rem ve the anstrams▇ by
wninise a-0▇ wid▇ sori al drmges are p, ( 0

eigh or)
bangange La )= -o▇ ▇ ▇
죽' 움- ) "9 hi% ▇ ▇ actraly sbved by Natnls wsted citeradtiat)e
.5 fezier series.」lixear algebra fr fuctiats

게“= t람+질족 (Sschwar meg,V
Hilbert qpace 르 f wnd wdly i their lengtk ae finsite: .wl퇴l 거e)'* 9* ffxs 4,tq,ansxt ktartaaxt름 tnuaxt" (rethae. Mem , , ,교) feg dx

bas 6s.f2 hy지 t +a + )
s eimis ae orto. 있 fr mbsts, rspais(4-▇ ▇

(ethm . b ) ,



Jo.6 computer graphics (7, y,8)

we use. homogenems ivrdimates. mote to seperute 'pointwith vecter'
Here are some operations. translation Ts

to rescale the space byc;)

rescaling s= ("sa.)s notation! Ay,3012 (aold tuopoints lke te find middle
point.)

we use now vec!

sometimes there are more steps: ef.

Jo.7 linearalgebra for cryptography
modular arithmetic Inversion of every y coayspy will be possible if ond only if Jis

Hill cipheri jay,mopy have diff reminders, theremust be l.
prime.

divide message into blacks 3,23a m... of sizen.

multiply each by'encryptimnmt. E lmed p). decryption nat.willhe 5." p is plimeand thisexists)

finite field Fip - 1o,1,a," •p-1}.
(p's factors wont

members. define its t * nles. have inverse =1)

Fi" have 8wecs. almhs.over f 1347) maybe sin. ( It can be difficult
when pislarge or dome

11. Numerical Linear Algebra speed. accuracy: stability
manytimes.

11.1Gaussianelimination in practice

roxndoff error par tial piroting: chose the largest nun in rowk arbelow, exchang.
pos. definite mt," row

cmay also exchange vols or rescale >
exchanges aren't required cno mmprove)

operation countsof fullmt.. Gausion elim. has two
ad vantages over A'b:

n'mul-sab compared to ninA" ( next nil equal)
FAisbanded so ave L.U.,but A"is full.

(win'+ awn)
+ Euler angles. 0;@, 8AsR where A isortho so RHI!A=QnON



▇ pobabhility and sttisties
p )

(mpnteuonpnteAMionte Corlo method :Ea 6

mltieel Aci -kndE"▇ quth
(fe same aconcy , Siice x-y has "a mmaller , W mnSmlert

-optimal ratio -=fined w st NC *
- ).3-leel Et and opti tze thoi ,NCovoriouce, me trix: V=E( -R- ) f

V sym. pisitwe seiidefionite (mst pes, ,wales the sperinents we depenoe)
(Sm. I |= .)=E (Iu- )z0,uT uC relati nt.

Hansform for Z= X,ieand we kwveeb* . *, 6y eR= V=A A=DVD moe Dtny ( , ( | X-m) " -m)(m ltivariateGarsir Pe )"* e ma meons of
we can diagaalize the oomtvs", Y=0xX= , whid means -fddin

- "d-d)cands, bat oeip xdx -Jeverify
cexoeri)

tte f p dX= [xp9bdx +m(p dı *m.
Y( - o) p (F- dx = a/ Ye Q=a = Q Q=

weighted least squames: az, .
(zz =previacsly me dhmse mahinize 1-A.get *"*A=A.non) we wóin m ze E= -Ax) b-AX) mor mal di. ,m .

v0rianes otf 's errs are not wd, orwhit y"Ax=Avtening noise equal)gpi Au)bi )(mean to get Ko, then z ap 6Na
silstihete by A A and =v▇

rariance op sine =G y" e tans. feomenla to getVaAecurs ve 1e0Sstspuare,static/ dymamiciKalman filter goe
niwaithawe*„ Cy chagnmg sate hee)

w))+ ( - ) Wo. t.W, -+AT "'A, the sæme fon)Kalwan gain mt, k= ATV,-



II, norms and cndition umbers

e choose normhe▇▇▇ GA) ( A).

sym.orvsyx.A: IA|=X (h(s),sensitivity to e ;
Ac j )=bt b |4X|A =b (6ndition emberc=A|1AC

1X

ehor pi.mt, CeAGAt4A) (X+ X) =b *wax)14 4A||
|4 z |xt )* TA 1mi

egual when b along largest eigen along mq|lesteigen, anplifiedby a.ab

I1.3 iterative methods and preconditiers

twa goals 1 speed per step and fast.splitAiste 5-T, iteration Sz = T th overg.
T. Poff -diag part is 1diage) asS,Method keep the aaGo

diag) r not.)
. Ganuss –Seidelmettod : keep the lover tri. pat asS. e og. e * e

Ceut storage and usually speed up iter.)& SOR cessive ▇ ▇ati e; =t-S has diggch) and belon diggof/.w A =wb
Chose t ma e the n Small a9. Eliminatian CexactL)- triang voy fst

& inanpleteW; c'ill-in'. sparse mt, that has haz os far from diog.)
maläigpi E. onpogategypes*l- » +set small nazeros to 0 mL. .

sy. H
,

«kry bidiag. =NREs, MIMRES&

for eigensih. powver metheddve e pwvor metnd. Erwadsie La czos iter>
*A the largest eivahue dominetes C goadwally points torbrds ,);

or byA, Selve Au* * dby saningL.U, miadambrates.For epeed ue shifted:
A- I anchooseaQRA, = RQ= Q thus same8. oR methododi A= t make w )i Rayleśgh guo,ei lue vth. )A= ,R . *R , ei ąl es even Smaller

begin to shoo sp in diag fAy Slast entrg (oo *henextra ideastwo
remove this rc)- jl imnto * Au "R + Gl back.shift. Au chese to near an ( nkono pbtahi z00s before. EAEelmatiotl. eivabue thoough diagofA(o Given) (moveleave noeros along sibdiag, skic R -muetar.dtom,cHess ubexgm) O n ) —


