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_ Six great theorem in JA:

| Dimensgime Th. Al bases for o vecsp_have the same nuwmber of vecs.

A Cmm‘wg Tk. _ Dimension of row. sp. + dimensian of nullspace. = yaombers of cols,

_Zza-ﬂk /3 Pimension of yow sp. = dimension of col sp.. This is the raork .
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— JAina nutskell: Amsmgular———— smyular

_ AisinV. rows/els areind.

N,
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/ /ntroduct‘/m to Vectors

Ll vectors aqud  [inear ComL/ha'('/ms
: lin: comb. (5 +dw fill pfane 7 solution: if right side is n tllte
le-_ lengths _and dot products prne:

dot p 7w pcr/;ena/icu/ar: Diw =0, /ength A f——_

14 IM¢II
2] wunit vector

all vectors have 17-w] £ 17w °ny’e @ = cos”

1.3 Ma-tnoes ,
/‘17‘ comb_of the oo/s . Mupfments of Ai‘ are the dots of A's rows
equation : ._A/‘Ixrb solwtion could write 7<A"L and X,
L So/Vinj Linear E7uaﬁ'ms an{ e mainces dort have A’
201 vectars !aha’ /)‘near  Combsnations AZ=b
co/ cmfure co'mL of n cols ofA an/uces the vec E:
yow_picture.;._m_egs_Trom m rows. gwe m_planes meeting at X.
L=0, at least ome po;5,b,/;ty is X< o
_:-l& the ulea of elimi nation .
/% vt q;; mu/ﬁf/ier /;J-- %’i and then substract it from J.
(L Iha. 2 elimination Clamss~) A ——’U £} c/h#hzation deesn’t change.
A%=F : foward €limination + back substitutio i

eliminatiom Lreaks down it zero appears in Ibnmt L o
exchangmg thwo 375 may solve it. (Zerp is 1ot a//oweq’m ,nwt't— W’”’}‘/ﬂ

when breakdown is {'""ld'le'ft AZ =T has no Schtson or mf. many.
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& 2.3 elimination Using matrices

i‘. ) - e . s (d..l'-...! a—‘) J:x&‘f‘"'-fxq—.
— : V’ew““’f matnx mu/ﬁf’ica’hdns : A ' n), A% = %0, e

- E€ADb) = (EA ED) agmented matrix  AB= Ah, A

Climination matrix /e/emm‘tary fmnsﬁmcET) : Rif = (-— 'J'l)
permutation matrix Pi= ( .. ’) cmay wsedy > esuld see from © mltiply fact vecs,

. @.clo-same step oo [ Crvos/zely
e matrix both :tel,s TTPE \ .
tmes then,. "kC*cate-U EA | 1
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(mz‘ sg mt do not /xave v, , for transpass |+ 49 9 @ Fakt A must wot be zerw,
_ over &iff IR nesm) . 1L ., @ AX=0,X=0 mu;-t},eﬁe
zf all rawertible, UB)'= "’A" - \\1 '—‘='-r@' - m/y aht)m

| | . . ®" (@' AL, X<AT be the
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- it L1 2N : - AL 4L —
AL — (A7) (Ar) ' (IK) _ ‘ '@ rows /eols of A are '.““{?em{entmf )
o means back elmination.the same. esence) (@ o) /pace are R, @ ramkh
-/ -
1' [ o S0 }u-n! Yym View
_— -‘_fl) 54'.:) - - a trimt ? ° A b % amatl'-hnm’
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R View as E or divectly E7'?
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c-tum an umollm wuy back
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- Vo Y, /< s adds to Z&ro, ; ; ]
[ Al Spogientiigpn i T < Yias combs of others. | L. n diag.

|
1

¢ ’Jiﬁ 'fk,i}: /E_. ! ; al st @’d dual ¢=1.T-)
. a J“Ce"‘] matrix S a (7;) ‘ s a wa't/u'ny.'ﬁrA popoet
(#ia 1] # gy s S"™: lengthnt , wode i -y @n merge mrto (st-B)

SUm matmo S= <\°)

. d)ffcfence W" (\Qk‘) (\K) D l\a .r(o\)

n.th d’ff”’a'h'ox D,‘ | ._ i 5
. Eycle matrix  ( zcro—.cyc/c matyix ~meansadd5' 37)(4/ ‘o Z&rv,
C= ('C o) s ypiny)
A
PaSc‘aI IMATrIX / L:nomm/ «wff. ma-fnx :
! ' ; ) ' ' L
& (;;;l) D ( °') QE"‘Q:I ; - ' L
"'“’“"_" ; i L1y,
it ( ey ) . fascq/ m‘."?".”' ,Psyn..: <:32:’ ) r}.Pu 5”’ngml'l) r
a -y 3314 \ : : ‘
=4 ¢ 41 | _ TP T
o(mgma//y oo mumant ma'tnx a'..>224z, 5 '"V
: aa, a- ]a for AZ =0 only.can be zer, I
] CyCIIC ma'trtx Cs= (g" Z' ¥ e ant:) -
7 L - 2 1 ‘,
"/5% "E-F* Aa d;"" a' |

baskc” cydic matnia i< (“ y) ' (1,; I',"") (Kredn) *

C alI Q)+ - +qJ -JCJ) eue fu .
L " 7]
| Va/llﬂ = < - ’ 85 an
| clyen W] IXLa=d] A1, e o CALeden 0™y o Lase e Cn)
| | £ K g n-r (Ui oot ) W, = ov3 -—"%z.m.."""‘ elyewecff’r A =C(Lw,, Wk, wﬂ")
KA Y e A gt
' ‘ l:a:;"l :'n-l J = X/‘x_" "

| e CEXGNX ™ 5 O g niaalic

| A% FET.oFT> J : ¥ dagonizable,

i e _ lel=TT gy VAL Ay

(”0‘” -Z28y0 Cyghc IREANS
. some Fro,aerties: D n dim comiplex matvix B s gcb *0)
diagmizable <=> B is Shmilgy 4,, a cycis mabr'i-

,f C is a eydic matrix 5o does ¢ ¥, oy Cuse (,ynomllzg)




Loy Loy
*r Donlit decorupsitron)
) . . e ¢angu/ar/ ool C/Crvu‘t f-‘IA“ uffer/ef‘t submt
2.6 elwmayon = factorization : A = LU Aty Cor APl
+the whele forward elimination process cwith o row exdvanycs) is mverted LyL-

 whick still lower {na.nyu/ar every wuunltiplier /. stands explicrtly at r'zc]

ol & wntize ””’D e d“'ﬂ’ o, um?uertcfs. LDV, =L, DU,

AN

solng a -érl sygtem . 0C ) Cu l.‘tielf isn't um'yuc) l@a&‘b L,-'LZD;=D, U,l}‘-'
—————————————¢backward) e k=Y numst be diagt !
- elimindstion, /solvimg AX=E : 025, . $o Lty [ty ) |

o again: eche/an' wo swteract. w7 o there also can be writtr
R T | T "A=LUD , depends m
(Kard £ oFf A = res
] M7 w3 of Us=rws; fA /umlofu éz@zﬁu i howyufopparhm
T thats lows ‘fﬂ- (‘s: [32 - (:3::;3) , Uacts ersel)
X Sty x3
—_.:{'he_%{’arlfb\m af dZ=b; ;L factor s A= LU cmuler stared L) - B

1 5olvc Le=} (L-—'C) nt 2nw
: Ux=¢ (backword substituting, 7 ¢

_égamz_fgstez_-__fvra mna/am Hullm. 7=l o @ e takes /e, l

s [1aio) = [an o,) ( ,L'o the zeros. art start crorc) then "3 ”‘M&i Wi
\“"7’/ k:l:l o'i/ . w:ll Stlll be. reserved m L o U the band
EoRe VRPN Sei it bt T R ST 7
. .a Cho/eskq ‘f‘ac'tcrlza't‘lm €59 vt factarlzgatmlj LLT  when A s sym.. anif7
fOSl ve.

(emma * & is f’-’“?{g. ;Aiﬁ&t is sym.pes. for Z'AX = (xB) TexBy>o ) . .

. A pire éBsnwaxes)
AzLDUE A% pTpf TS ey® " w T TV

. 4 s A (LJ")(LJ’) (h( Cltmcx %kg /agest E'W* .
‘,_,._m[zaxe_‘.u —5% ',cn_” it _&3 R

ool “’9"”% )
.—__——’_W T G,OI—?‘&' f‘"'u see e "’ haif‘— ;ym s "GJ) 3 ,; ‘ \ e
AT - o reduce enmr
a/ _A_ A” ; : B L4 1‘ ) l _L b | i AN e
Zgr;;ur; <41 A’ ) ( l )( ! Z:T) p Iy =/57;' Ll "/" A/ Smce LVX b mtz%
L — = LT —— redirsion. <b'yswlm;m”;

o Cendramts/a;) N
Lsym .




.o e T ‘{Kﬁ:/a 2): - 4,\_‘”:\
6 METL ; - f_,._.t. (’z
Teeplitz matrix T = (Jﬂ \\ = ersymmetvic: AT= JAJ i
't‘_] - x vh!‘l’sa fcr.sym." N ‘a/.fa Pef‘.gym

reversq/ ma't'nx
J ( ) cyc/a'c Mafrfx is.a CS/’; Trcflltz matyiy,

o ‘fuu rnnk c(ewmps;hm / <R ‘fac'tarha'hm

Tl S ndependent cols of A <2 base of L)

=(IF)P. A=CccpP  Fexpreses the remaming n-r Je,ena/m
‘ . . : Pp ermutes thew acording A>
L iew,the rowsof R am be q base of m’f“e oFA R Cexpressed by ) —
“vow. R s independent, -fvr it comtams . ‘

/n space View, A:
l 23 10-) I 2 e
e (4"5‘4) = 4'5) ll) = ) ff) (4, ;-z) /R —»/Rr—-“—/D/R —OR =
TEN ) 73 RaA  Ca
A= cw B Balso (on'tam; r actua/ rwsof A,
;fp,x. ) g i ‘CwHy LRI wH) B=wR
s : l—— Jw"H WY, H
g where B meets C. at- rxr poﬂ'hms <ba;e) ; which Ca//cd 'pec mtwacﬁﬂ‘
| s Cfor—a s9.-and inv. A it veduced 4o A= www 7 A=C=B=W) o o

__Ccensidering. P is_nowhere any diff..you can AP vather than A . or ¢w™'B nofzﬂﬁ{“"‘*

. (Yo g9et (LF) Kind I <R
. Unigness: ' Cis ome basis you chovse. , then R J ) Kind like)

s wngue ;- bue W ¢ un
This is wmsistent with the unigueness of whe mefi m:'h'd' "ﬁw

=

Wis mv.,

|

o’ dual W =au+bv (“);(W Y >" "{)J= (a(*cw)) (u"‘)__, nov-unigueness stept »

BEEEr X AT b N/ ) e o PR e - -fmm/f*f“
dual. ggfw basis (mutual) Wy= uRPH=o WaEa ’
L /imear ﬁ‘ncmma/,-vmv vcc.v*"“ o V’:?)..fh,l[fci}')=l>" h P
(acts dot) »}:’fgh(,-,ﬁ,-r AN iy o P i
Hers /'7\ A e | » ___‘"_.) e ( ‘,l;wv’)
vV —W 14,v) —L

: - 2 s SN Tu,v)
| i P V2 Eiith ?“’v) : \‘/_.""»"’ ' :
Ve w?* o-the: dual-basis 5. 9% W pull-back: |

T .,? t-,- " i
’Z j——" \ ﬁ ma,uced mt. are '6“”5f°?e A:v —""W_ fﬂ‘

uwF pE 7, b Sl —— (AT &) = FcAss)




- 'émns/’wes and permutations
A0 T xTAT, B =BT | (AT moteasA”T
inner Ipn%ct x_y Xy Y& the idea behind ATis A%y = % A?
Symmc{‘nc matrix S'=S. antzsymme'trac matvin «ST="S Cskew ~syrt.)
“and A4 always sym. W%oyma/ atrin = ®" C&GZ =D

—Cand Je 4 5= oLy s standard Cunit prthonama |
i | cols of ® are orthe. unitvectasrs. corthoaxes)
permu mt, P Puts s ikig m new order | omd PT=p™'  and cax be combed by

B T ! Kinds, half odd and half even) - [ ' 5evem/ £ .

3 Vector Spaces and. 5ubspaces 1R "(."'l) G TR

o lo 23/
. @
3.1, spaces . of vectors ' - Vector Space S L vec can be n«rtmcs even 7:;““ ofx.

— e ———————

R* contaims all rea/ oo/VCc w:#z " u-mpmerfts ifv.wius, evoy comb cvidw

- 5ubslpacc 07" f\* is a vecspace mgide RX,: Cc/osure.fo adds and "0 be i S.
mu.ttcmiam Zeso. . s | -

—hr o'ne"fVM‘b sface mf&a:'b‘ofX'-‘o)

2ol spaceof A coptamms a// coubs of A s aols , wlwch is “subspace._of IR*
20l space centaims. all vecs Ax . so Ax=b »: So/vable. when b issu-Cepy -4

we azll it's spanned by As cols - i C ImA nmgga) W% <A> kerA Ckame[) =

1 3.2 ‘the rml/space of A 5olvmg Ax. =0 and Rx=0

. null 5faceﬁ;«/f <A _gqﬂg@gf@e m R"). contams  all solution X réa*ﬂx=o_ and it st cotlam

eh . ekt - TR Zczero),
 elimination’ TromABU R docs not dkamge the millspace A/<,1>=Wcu>-ﬂfc&l 5

R=n‘gch) means. reduced pow ec/ta’m'ﬁm _has_qll pzw'lx al, mtk zervs above and

below,
__ _nwmbers a'f p,yoj; nmnbgr;a-f nonzero yows m R = rank M(aléo mnk o’faok) e f

__cpery satriz with mren has nemzew There_are n-r free cols. 'ch)r tombs is the |
sohction s »uéslr (o pint 4o ﬁ:'e camb o prodyce,
. . oo ALY R A, e Yot LIRS orx =
50 we have dim Ay + diva ey = u—mflete SO/ut;mdrf Ax= o,lr
—(farR cpivet yows and cols) eontains 1, 7 ("]} Ky Rx=0)
—TheranKk of A'is the true _size of A gra linear sysmn . =3 sfeaa/sokm,,'
A and U and R have r md. rn_us/w/,s P 5 ' J _-ﬁus‘:,u

O full - rank foctor: A= (piwt cols of A) (frrst r wws of A) 'mxu 2O Xr)Crxn) with Xj=1 and




° AT fcLA? |
/obacic: B Fab L thieiat L 150K Ganertule % SVD Rifed
<. det and 'é)': det:",TA-tr:ZA _'b‘:det : / (J’
o Y=Ay. y:g'myo m small perted, “race 1 the velouty of velume change..

N f e ; e the c{yes on its ay
tA) _ N ’ small changes ’““‘”{7 m b . "
le™] I+t.f;-,4 FOCth Q\l\///\y‘h‘y yy diction
@ wmtrinsic coordmate free>: - : " LTS
Y=A* :
mt. is depicted wholely by traces, o £+ ordh ' “

@ ‘fl'}c “'Far.h"t : -6,-¢ = .z (¢cei)‘e,->. (ke 'haw Mudl %mai«el?')
} ¥
. " i A*=A. the rank of A= A's. dim "f"f"i"'f’;“t ’qued‘f“&--éﬂq

s for full fix_<d.e;=. .

S bmspese s AT Zasload b el cEanfy wEn bl
i o <xAp=Ay> o p)=FA © aT=g” a'&;l (ot unit: DY)
oL/ wtRH 5 ‘2&7?’ ull- »ank d_ecanff. O(A“)Ta-(,(')-‘ .9 “'

/- rnm)= r‘ol = Wef pivets 2 "
\

2. JAL=1AT ’D Suppose v <Vl
/ \ " o

e N
| sgah vk AZCB g miic.medie
L. | dittipcty Pomd. : gy B rif i CIndA;
symmetric: | . /’ - Kasc=r qg). .
= L et <5ty Acepua)

P A ., 1 e 2 P
smee <%, Ak> = CAT, To> if % is exen direction , +then X, X%z0 % AR .ARL =\ Ao %20,

50 A maintams the artho of eigen divection. SYM.mL’s eigen divections are ortho basis,

(! : (% abso i e Y A M
(*' waou't keep the origim direc ) Rl diagrmalsze Just rotate the axes.

AT : s 5052 RART corthonarm b
2 , Jane. is egen. “
C'f/\-""A* | itls tmc that The W}“}f /’ S i ST Cagjﬁsr algebraic provf %)
y - for A jue, / L
¢ f.}';\?&'ﬂ Rm}dbgwrl‘teﬁ(gf)lp- o

el el fm’ K= fatfy (b0
o ATA always Jas the same errd' '..4‘ (Arl_iﬁ-—ﬁ Ax:o'—}ﬁ_ li](hq. $ $% ¢d)

 peofs 0 Axp=e =7 ATtARO= @nis. b ip ‘U%:bmrfﬂ
. AAZe=e =7 ZATAK=0, XY ARy =0, Axg=o <Co4u/r’ik">'; & v
> Gienerably, rAA) = rA) e toMT)) =rdy=rcsy) $0 AU x=0 anly when A5’

>




3.3 the complete solution -t» Ax=b

° ag:in: If a rww/enl contams a pivet. its not a comb of previeus yows/eols | othenwise ks,
HARY ) tells us - which yow/eol are combs of earlier omes ; R tells us what those combs
- R ¥ Q/qus -fhe SAWHE Cdctemhiel{ L}IA) are and-bhe 3f€Cia/ Somm '60/’)(:0‘

s Three fudmestal subspaces+ 7% 4y — chovse the Fmé cols of A as a basis.
» Ccu.n‘t‘mg Theoymm R — choose the nonzero yors f&@abﬂ&?.
Xx=r T Rax A — choose the special solution to Rx=0 (Az=0)

piet/ind. vars free rars: . .
(A1) — (R, E) will virtually Zell you everything abat A, when A-is sg. and b,
Ris] anc{Ec'SA‘l.

pivt vars are determined _after free vars are chosen.

Complete solutim bo Axi=b : Z = (me partitular solution Zp)+(any Ko st mulspace,)
: - s~ : ' Cthug comb ’f S/Ccia/:d«ﬁm
(A — R basis)

Ak =, /Rx=d is g-)vab/e only when all zero rovis of R have zers in 7

full yow rank Y=m when its e/ space C"w' isR™ , Ax=b is always solvable , bwt may wany |
fuﬂ col yanK v =7 when 1ts nullspace Negy = 7, no free vars , me solution or rome., !
— When s selvable . me-partioular X, can be qll free vars equal to zero, f;‘wt'varé-ﬁ'm'(zi

—Tocenchide, there are-—four caes:

ranks r=m=n Ysmin - . . r=nim _Lrm.r<n
IF
HpeofR () G e (o) 20
conchision A is vy, every Ax=b is solvable, Ax=bhas = or 9 solutions
; ~ but mf. [ or 0 solutions ,

o' if Ax=b and Cx=b have same solutions for every b , that means A=C.
cprovf : Jet = (0,0 to get colvec Tase?

34 independence. , basis and dimension 5
Jinear mdependence : ¥, Ut Vit b X Y. 20 anly hqppens when all F" are zep,
,A."V set of n VeSS m R™ yuust be t(eper'fa'ent‘ )’f n>m.
ba.sis 5 /fnaar/y) indefena’ené vectoys that span the space’, ke fl'wf cols a'fA for C(A)
every vedor m -the space is a unique caonb_of the basis vecs. Cempyy set for Z)
dimensioe: AN bases for a Space have the same muberof vecs called dim., like G'ﬁ’"(:d)
Basis of 9;} From basis of W.5 when the dunge of basis matr 'XB'-‘ m) V=WR
dowof otputs + dim of nullspace = Gm of mputs. o dim (VW) t din (VIIW) = dom Va0

Ex e

R




o K= XXy x A AR Ot or SRS, dimS AT 20 D] Dnel gy
(@ fimd a vec that dot 4 zepo /always perpendionlar t x) '
o AB ’s »nws are combs af'B.’smws,AB s “/Sm“mbsofA's“/S' |
C50 it yow/bol space cornttain 5 B/A's) ramk (AB) & rank Ay . rank B). ‘7*17?,4'\5“74{;
If‘ multiply by an inv. mt, e rank willwt dran_ge ], f’;:‘:’; a}:é:k( C“"/“Jf"'p bagf
st AB =0 we jave (g < NVepy /CAT €N BT, i snply g . ool Qnineysg

Tpsn. CA:man, Binxk)
a k.irchha'f‘f s Law - gvaphs and incidence matrix:

<IE% Raging bl _ /o simce 520 9 x=xzxs, |
- N ¢ > Ax:bl A" ~' ' — el N f
“&3‘};}5_??‘ A i“v RPN 4 s, | OB ( L ) thus K= €6 er 6,0y
[ | comaiy By = i 2 1 ’fbs ‘N4 the vank must be 3. )'

_ ’ ' -1
smce b.-b;~b; s a /nlp, rows I.Z.;::fA 3 ‘
o are ot . snd. but 17, 1,0,05 will be i AS left rullspace .
(two iud. /v'afs, m-r=§5-3=2)

. kfrch/wff ‘s Vb_lt:tj—e:l.aw CAx=b
- Krdhhoff s Current Law ATy=o ——"bulance equaéion” mst suportart S

= T i flws mbyedgey -opplied maths.
|0 A=uvT s fowr subspaces are %VLX,}Z If B have -these same subspaces, then B=d.
Generally, net. A @id B have some’ fuuy uilspaces means their ref equals
cpreof:  same’ row space is the key. every yw in rrefid) must be comb of mefB), but
T3 PO SWT U T o W T petie TI"""t‘fdw!C’ wef, ¢ means ead(mw‘gh;:uldbeqﬂf

° More Advanced level: Matrix Spaces and Functim Spaces u 1ef)

- dm of the subspace of sym.m¥s.. is il'nﬁ-il'n__ww RE sy o
I . second c/cr/';)a't/‘vc cyutians .=' SoMtion space y"-,-: -y has twe ), asis ‘ﬁ&néi,:siu,i’ and 225¥
| but y"‘-'l do't f‘"’m a sub.:face; y'ty ¢ g"w e—x‘ : |
il & partionlar sebution J = &> then the | Y 50+ x and T
i < - “""flm Solution is yt x’-ﬁcy-}d’—" SRR Ay e

R i L . L AX=B Xa g3 e e, | =
e <.,' 1 0)'””% A(I,)‘(:)‘*‘m“’“"‘”‘ﬂ 'H'”remwn'té;é*iiﬁ i
o -l | : C

{Ax=?/ |

Q Soctimt { /'/,,
‘ =0 “”d!f} )

1|

-
(t ¥

i_ ° Fredhoim’s  Alternative : Ex«zct[y‘me,af these pnblem; , jm

T

4:_ ,,‘,_,, o Xl — L VS BN R A T BN T y

e S
L —



35" dimensions of the four subspaces

L The. B{c}" Pic‘mm: . A has the same row space ask.
CcA™ . .CCA) same dim 1 and same basis.
"y L 7 face " tal space dimp 2. The col space of A has dimr.
| all A ool rank equals row yank.. Ranking
% D Ly CaRo ] but dim s T |
47:_ (for same combs of @l =0 for AandR,
L < thus Az =0 <> Rx=0) (Rar=A®)
| v ./;Y'c/j) P . Ty 3. A has same nullspace asR . ‘
= N dlom Sy Rrava dig-m=y—~5ame-dim-rn-r and same basis.
; is  cagain, docsn’ -
_ Fundamern+al 77leorern of Lincar Algebra : ATy comn'e g rleions)
n ¢ btk Kvand L i St
The co Sfacc and row space po ave dmw ) ; (th 7% coyTR =
i Partl The, nnﬂ#faces have drm n-r and m-r. - i1 oy ”ﬂy ol I:’EA)
— rank-one matrzx A= “uyT = wl times ow , C’ A> has ba.s:s «,C CA")}w basis », B
A vanKk - me. s sum s . EA=R A=ETR - CR“Ex Az ‘ :7 ::g)(IOB)
: (/’e’f‘z,“‘{ :Zf‘: ;‘f”:ﬁ) Every rank r met, 15a 5umgf r mnk.—c:e;:tsz .
 pd "‘,’“,’"“""er expansion> . A (G % ) ( )= 7 4 i3 7= yank] +rank]
padl y _ ) Zero rowes _ ‘
2 f‘ Orifiagona//fy B Q- SR g e e P hYe AR AL v
Kl orthe lity of the four subspaces - orf/w orza/ vectors vTw =0 and have
I x| 70m'] ‘- . e J llvllﬂlwll IJW'WIL
_The artheganal complement. of a subspace Y eartams or-dzogma/ spaces YTws=o for - =v-mi
gye;y vector that i ,verrcndm/ar-bo V. alenafea/ by g . all v mV andallwisw/
| | rthe\gmak? is tm/oo.mb/e, when
%rtz h’cA) i the ortlu mf/ement of Coﬁ Gn R drm V' + dnw W' > diw Gwhole space) |
.- m-r) i %e orths complement of LAy, cm,,(wamce itowlycan be zero v+w)y |
be cortamed m both ortho spaces.)

Lo ‘77,,5 means evc:ryx can-be split-into K+ Xy . VWhen r,,y =0 = V=0, armwofA an't bem./fm) :
A ”‘“/'tlf/tes, nu”s,acc Wfonent Xy go€s ts 2€ro AXuzos - —— W |

ﬁ,-l EV"?/ b m n/sfaoe comes ﬁfvm one am’ an{y e vec .I,. " rvw:/ace,

"/ There is an yxv nv.mi. hiding ‘mside A if o avay —hw nuI/ spaces,

- Fromthe rovospace o the ca/a?ace Aisiny, (' psewdoiiverse’,see T4y ey

o’ the definitian of basis_has two properties. bt one implies the other: ind. <= span IR™




=== = =%

—

"

“cﬁ'iﬁa-é»l'p”_» »9.f_.i’ cﬁ}{/h{mgfﬂ&’[) ‘ ,' % 9ﬁu fon

[ "3-7‘—‘ vecxXy Wdfﬁ *&’ ﬂ{b g(&, Xz;rxmli lzlxzz- X«a

fu i LX= L/Ux-u
& 3 A LU AR A LAY L /Y% FABA L %]
o ? ¥ 5 trimtah iny, it & adds X~ *\"ﬁﬁl_/u

O matnx derivative “’%‘ilﬁit L Fox
- KEnBEREF :,é‘kﬂ&é’« vec. func. Foxr FEfX it func. >°(f;',-(xm2)

(43.3¢:) R %> (i
tags of ) (351) of ek~ i*“dﬂ;zfg, Ja“’jz oF, GEAD

= o e T. 9 )
_7‘7 af" <ax. ax,,) bk (x) = [ 3% ")x,.) R, 5 (Sﬁ
—r

= ok
: J
_of s (Fn ) oH O - ;j-;
% 2 Lﬁ'n i%“ﬂ%’ % ( %
)= A%y 10K
A JmcobiTF) ._A§£. C A_mgfi_ ‘ﬂfﬁ“%&%-— ) ’;‘ﬁg&#)”f th\’ﬁx 3)6
Q('f‘x) t ( :" ‘ 2 Ve fX) = S-fl;"w( (5)7:%‘_5 V‘f(X) g"aﬂ 'Kn.' ¥ y ’H ) :

D" g— ;;

'n - —— - - ———
SRR ERA o Tovecdo o poo” Ve ;,%; 3;”.. -
g TOvecX 9vecX ~ ATmns,mewugivmig,a maak |

.nmfw; 3’/;0 aftgty | ooy X960 +fir 42 “”ﬁmﬁmi Fatspt.

GO X 7. _,-gg-~,_

3“") o'y, 2 (x"%)
B ¥ il it B T xSl o '8!

2Ca7Xb)_ 17 3axTh BCHX’L T ataxxL)
;&kﬁi: &P 2K yar 7 P b ebax SR X )

haAFRR A= ,,%,,Jx.w 5L di 31C %f%zx)_m;mj{: it A |

4 dAXBY= AdXB 2. diXl =X frcx"ém =t X0 3. dX = =X ox cxxc TRk

odfox = detrfoo) =tredfdn Wit i
e L a¢aXXx™h) P D |
Al T L dcaTxXTh = fz(a"dtxxr)b)='b-<a"dxx"'b)+*6rm"¢wx7'b) i
xxTL tr AB>= fm/-‘t‘r(x"baf.(x 4 CXTLLT, |
m;xf X"+ a BN, R o o — e i -
>carxxTh) & 2XN_ oy a’ff'cx7x>>= fr((x’nfrcx’ilx)ezfr‘xw
fa2 e (abthaN X 2,
X oX TR XX = }WX) 2X
3“7”" X" /c/n/)a)=frc-‘—dlxt>~ 6rcx"e{x> IXT =2X O
4 e '.;”‘ Yo
5 gzsx)%:_ < aixTT oAkt xS sy ,T -(O( T i

a(xAx)_ Ax+ A 4L Jca; xx’Z,) abTrba™x

o

fon s (27\:)'5 1= = e % T 5 Oc-/o

-

Inlow 3 = e
D o et s T > T
hluzn . FHRAO sl

- AR,

—tAEy e mina Wt Tl B
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I, 42 prejections _ | ‘ o |

O dim) _ |

The pj’dﬁcﬂm_o*f E ortto a ‘“Lsface S s the coest V&'ﬁ'rf—;"‘ S with E-—F /s ertho 4 S. *
. > =E..—‘ 2,2 -2 2 i 1 g

ey & =b-p NpW+EN = JLI* . distauce: le] N&D 1 -

A's wols ‘f“}' 8. suppose | ey are ind. (ortherwise use those r ind. cob) z |
T @ bARY e a0 pAR . Ab=AAx 43%;5 b
1 JL NAAY=NAy AA i inv if and only if A has s cals— 50 p=AAA ATb—
el ﬂep?,)ed)mmlx s P= A[A"}{)"AT A we frave PJP&’A@'F;A =APK) : ﬂl&-',"j' toa;/{;::
 projmt s syu sy idem. P=P=PT ity ako the defimition of projrt.) - ronk Py = mankdr=r

(fm'am . 2= g'%‘ » ?g—%‘-r 8 rosk-onenct)) (When Aisinv, , P is P~ ()

#3 Jeast squares apprximations  uospace

i R AN o \allof K™
Y A ELC (.
G=c+Dt ;;;de= otine errr 2€;=0 or ¢ mean
T simra eeRgd = - - 5pace H-qo-to—h- i
There are no solutions to'Ax=b , we splitng up b=pte, of AZ N »"’Cr___bcrgg'
— s the Jeast spuare soketim . for the square p=AR - _ —
Whalue (J-a8e 1Y /eng'l}; ofAx"3mhimﬂﬁ"ﬁﬂﬁ&:bﬂ?@;ﬁléf)
By geometry : the nearest point is "‘efmjecﬁm. solve A’Ax-—;/ﬂ.ﬂ} a ' Rl -
—By-alyebra/zaleulis e partial-devivatives of Eaezer. %%-“.A g%_a— ,,:-35 =0 Sawhle,
—r b= /N b~ 7Y A S ne get (AX-bYA=0.
AR s ze) Ao Gg) TGIOmMY e
Y Sti=0 then A has ortho wk and A is diag. Its werth shifting Gmes t; by substactig|
T, the average ¢= .z/):i, T=¢-%or snake cols ortho. n advance by Cmam =Schmit. b=C+Dct-25 E
- }“—*‘éike-—ﬁwhg-a straight-Ine ;—the-unknowns—C+bt +Et* st appeqr /bteqﬂy—jy’ﬁ‘ﬁ;’y —
9 Then R =CC.D, ED, mothing aff. ’“’“l”éb

| cp/sfuce

2 simce fst col
fAis cli-,D,

»

\

“Gif A has dependert cols ;- wehave many sobation lnes,
—— peudsiuy, of A will chevse. the shovtest solution £ Ai?sp.
when A is iud. «ols the F;emﬁ,h‘p‘ is wsual /e‘ft "y L=7CA-F4)-‘AT)

e R ™ +‘Dx+'Ey.a—nz?o"au;7“

b
{
W T R R PO

SE S e




o A=@R=QHR’ cdiagR all Is. with }‘elg}mk‘
h tells the keight col ¢ above the plane

Cos/ tb “l
Oct-5>="
o ways of an decersp. : Heuseholder decamp. and Gives desanp.
QR 7 ink £ 39 1 452 g, 4k 5 ° GR’s umyuexe.ss @, R1=QaR,
It (A has '”l“[{l) v (Q: aaRz.R; ’Q U /Cad“b
 Giverts process: T == UU nmstbe diag!
, e/emeﬁtaxy,; yotation ﬁamﬁm: _ smoe we._make R positv've diag . so U=L. Ri=R,..
g : . "; 50 | chovse 'o;saé yotate % m i- p/qne J
ORI ety o % 1/=0.%'~[37:
i J (i GysRten | “50, 0t netice that Rij % w-dwgma/ .

Csmce /1 Mc{.n({'

Os 't all be zeres)
_ 20_4.‘13(3)‘_, o, mrh&z) R 0(@;‘,3;,5)~in s better for spm'e rastri.
A ) Sx

CGZ) i — Qr#whmz‘s phduct is also oytho. . sl dl 5
Hmseko/a(er /prooess E
w s m/rrvrmma/ untvec.

elemeni‘ary reflection transfrm:  H=1-2ww"  notice that H i Orthogmal and sym.
i e (Ul by i

Lo

lm:" . | = all &
e Rm.R-,n_, i n_A ( A - )_ :Hl@l.)‘l?tma; Az.' RmR-zn.gR‘qA'-(‘)g Ila.;-a,,u...

R 0 o

c/wose we Ly l;'a::eﬂ ref/ect a e (& . where Q= () CH =2P-1 ano.wayp)
————e " a=Talie; ; - | g
| ‘PA‘E\(“ H. A= 65:'" _,_g)._ihen ,zreserve col | and row /. SO . -
=5 ',' Vs 'A:.' '{MJ HZ.A:. -bmake azz H‘a‘ ! 9,' |
E P i <,, > <0), : 50 A= CHu-r Hl) IQ. bk » / = -~

@y ‘OCH«se“)é 37 _
. To_conchude: Cram-Smidt \/ small wit.; 9enera€cg n ever]s-tglp — 1

ST AT A not for sparsenet.; not stable; save allmt hus m;t/arye o~
o Hweho/cl?-)" \/ suitable -/vr dense mt.; not ca

X net 98)167“1‘8 g& untif finished ;
Givens V- switable for sParre et

A FECH v B x m-e ye”em Z" “ufi/th' r“e ( mﬁ‘ émc Mt -i
£ g ro't‘a'ﬁan mt. = two reflection mts . Rij=H,H, ; {I'{‘

/Cu/d‘te R exphaﬂy ¢ ;f m[y needR) -
5 net for Sfmemt.

--Hl - - 3
= I -wa ’ w

é“_ » = = (o ‘_,m*- o. on:ro 0) ) H;"I— ,_wT w -(o -OSM# o- oﬂbo'ﬁj

—




44 _orthonarmal bases and (yam - Sclpmide EEUICLA] N
A matvix @ vith orthonemal ools satisfies' Q'@=1 . It leaves /eng'l/ts wrckanged : ﬂGZ?‘l/

md abss. pnzscrve.s dot. P (@x) @ =Xy Some &s examples : Rotation. Permutation. quectwl
..I,Zu-u'r

 The Jesst cmes sehation to @X=b is R =®'b ,the p proj - p=QRb =Ph Hus (2 is e mirwr
(If &is sp. /de/lo9m4/ it spans all space so P=1 . @Teq™y P T bth g g "rvuluih e

o )W h,“;ﬁ AN/ P "“' B—-i

j -9 7 oaces then use Q comby |
(L

'ﬂle me-a/m /ro; a»e una;ufkd

irections already set.— L =5 9:(g7p)

N —5uLstaCf -frum eve;y new vec /ts /arojs n ﬂze'
—A=a—€= oAy~

449~ T8 P /g
. AYA ‘ i At teend , diyide the ortho vecs by -&ar/enﬁ
A"AA / neqp cA B!{C; 3

? Q
b, G —=9, ?L /aterys are ordto 4 earller ascand’s.) R=&A-3orea>5mze¥ﬁe =
Any mxn mln/s A canbefw&rrea' I-t_s weﬁ;/ 767- /cqyésyaares Ck.sc(:aj ).S Al yfl--) W

AA =RTR . we So/lle RZ=ab L, back submiwt;m (=R &’7» The real cos*t % G=S 00m§

(modified &-S mare stuble than orlyma/ which 9ubsbact9 al projs at onee., it sul:stmct; e

2 SV ST Yo] at a Cmie as
Syl ol c* 43"(% as)?: c= C "C?zC‘?Yz b= nca ) B g . ~

—— o A S

5. 4h ties o{etermmants _|det Al= wlume of boxX whose sides e A's
S ’F sign is the direction 7<§ ) rows/feols

- m‘fhg~d€'é 01,- Imm s/ @ the. det oﬁange.s 51'?” when tmmw exdla;{j_ea’ - TR

L \mﬁciﬁﬁ isaq /mwﬁmc af eadh Wﬁm@ [ a+ta’ “ﬂ” r - FL L/_v. '

@Jub.stmctmg a mu/tzF/g jf;mgmﬁm_t ano. row leayes . Lundlgn]ed__l__‘h S l* ‘ o( D b
Q.0 mt, with a ow of 2€ros has det=0. 1A lfdﬂim—ﬂ“lﬂr then deth =ay; - “Gyin <—diag. .

0 Siugular A s det.zo. inv. A's det %0 D the det AB is detA times detB . esp. detA” étlﬁ

By _transpose. AT has the same det A Pt g has the same doce poperties

that defme. Al (00@) . and the ase [Bl=0 s
(KSe FA LU 47?7‘ Utl‘_'-: f’f'(w P:-,_? -—————-afffnfﬁa rs»yu'/ﬁﬁ”)*“"*‘—-_"'*“'* —

A’{')-y ts In.qje -d,o_ye ™ 900;"efy/

I e




o ifAis Smgu/ar- ACT=0, then cach: a,/ofC"zs n the pullspace of A.
nxn "f rank n-f_z or smaler q// cgchm e zero md we an/y —fmc{ xX=0, )

_':;-_,_Ac_ffief&!_—_—: (detA)" ™" = detC . 5o if yu know all cafactors of A cwith position)
' - N yuauﬂgetA

o - Couchy - Binet formula -+ Hik-hh s,

i‘_"_:, If gives' the det of a sg. mt. AB Cesf AA) when the -factur.s A.B are rectangular.

I, P B,,,L, $>n Jeads to det AB =0
\ sgn -Hten detAB = swum of (sxs dets mA)(sxsdetsm B)

fcebfc (I_Jc. (abc) (abc 51 C““‘“’f"’“"m‘?”“{“”ﬁ”w"fm
1L Ze_f (/' k) " " ((a/m/a'tc the 2xz«{ez‘s unJcn'mea()

" ﬂ““bff ﬁrmu/a ; 7718 ;vfactar »ﬁrmu/a can be genem/:zed (or Larlace. GXPMSIM)
m——-——ﬁr—mﬁmf we can dmwse  kxK det times ot-kixon=ky det Then add thewm with Signs,
‘__ﬂze,_s:gn_dzfmds_m the. permutdﬁm of GG b by Caand b is the coborn youdzcuse)

271 %64 3y 2
1o asdol = "’ 2! 1o FCI:)?:)+II—I’ -1l Fu;;,.b =g
o 0-4 2 ’ll—' - . o 2+
Qo ¢ O"z P D/ =-[ 2- ° _,

. (ezgeuvecson the ’Ianc vl |
o [rank-one mt|A=uvT has an egenvecto-r 740 rts A vTu. other eigen vakues are zers. .'

& 17 o=lullllv), Chc & SA = Ty oo
}Wfrmufafmmt P have PH=1 = A=l Then wefind Ps e‘Ws & U (= Y+t

aybe coniplex)
S R L (every femz mt. [eaves % = (l 1o, 1D m&angd s0 A =y _

t &—— —

yotatior met. cmdodzesame ‘X"—I Wefmle (f”)"}'{ﬂwrc(nm.l::ll ,8 'J)

o W/xen a mt. & c{:ay/ ﬂle number af nonzm e,yawa/ue.s is n!:; ran ~ (A

°o AtB. AB might not have A=AqtAy . la)q,’ It anly happens when A.B have SOme . eigensiss:

aep Bl Atcl can have A=Agtc for As eigenvess must im s eigen. .

J C when ,1 has mu/f//;/:at}l the whole plane sfanna{ Iy its eigenvess are  eigen Camb) {m-I #S w)u/r
™~ 1)
P iqtercamnection. betweerx IIVE;fzbt/ztfy deaymaézaéclzfy 2 boagl s /’" .
=07
X XS ?

_



%S,
2)

CS';

ok
)

2. big formula : c(etA = sum over all n! ol permutations P=, f,-=.ud " “detA

5.2 permutations and  cofactors

: y . more: Big Partition.--)
The determivat of any wxu watrix om be frond in three ways e A

1 pivot Formudl s PA=LU —  devA = £ detU=  product of pivots>
(we dm't need you exchanges when all the Upper left submis. have det Ay %o. The kth pivet &

d = det Ay )

= 2 detp. Aul,s Ay N
1% =ty [ | "I e . dimse me extry frow evey sl
-y wWWhh Y +an.0uas|l '+0ua,,a,zl | Ifa"q“a"[ ‘.,.a,zqﬂa;;’ ,+a,,a,,a,,[, l
%l ways to order, half odd and alf even.
3. ”‘factor ﬁ”mula detA = ay Czl +4; C . eadr W;fa:cf;rr C.] indu&sﬂS wrrect sign

“gimce d,]‘ vemaves yowi and as(,, we can /mear/y apand det by "Z/C] G 23/ i
= qf‘.a" T Iq Q. Gul /q,, a.,l [quau [ o fenuutate a.] to Ay need 1) V reverse,
gy

Gz a!. 18y ayl o g4, then Mij's det permactates @s itself.

= On @35-0,4) +aﬂcau“u ~dy,4%;3) +a§3‘auau 0% )(J €A = a(e't/“ so did 6°/J )

5.3 Cramer’s rule , jnverse, and wlumes bl
dct&
 Cramer’s rule solves Ax=b. we construct A ( "z' ° (b a, a;) B, X ﬁmr .
__then X, = 2‘—{%:15‘ . where net. Bu has the nth co/ afrcplaced byb.

e

‘Then we -/'md e cols df/l by So/vmgAA '=]. Bx= ( ) 0

T

<
A0 CGC) aty e i
Adivect progf of ACT=detAL cc,, 9o into the _cofactor matriz C>

The cifactar fufmu/a yields detA on the a/iayoha/ . multiplying eofactors -from deff vows

is the wfactarﬁrmula for-a new yuatrix when the second o is capied into st yow,

I o yelds zero.
—aihe frmny[e, with erners (X,J). (K (Z;. }’s’/"” R ’zt ]x. 5 :{ e
i1

We_can prsyf that Hhe fam//e/aymm5 @eq. when 8§ =to,0),areq= -L[ Zy

orthe hox's volume.obeys e determ;mwt ‘pro/?erbes RB. ki

) = i K[ . i perpendicular to i€ and 7,

s p d;_cp-/m.w’,wi{ is perp

% % V “l ul u,

= ’v. vy
W, wle

= determmant = vohlume. .

‘érl'f?/e f (u X V)




ow.csym 7

° Heisenbe:j's uncertahdy prz'nciple: Liwf. wt.) pﬂ'f‘m”‘t P . memtontuom nit. @, Sym)

QP -PR =1 = (7 have Px=o and @x= w«uldwyme x=0)

Eﬂplam ‘(’ha't Jast Sth L_y u‘”‘] 5“‘“’“"2 m&z

xTx = A"@Px— 5 Pax ¢ 2] PAlj@x
: " : ol € M lTV)

so [lpxll @l ot
? s (/M 03.(:“6 -é'o 95-6 rtmt Md sseTVs
i . L ! At arvor~ all very soall> 7 =

" os A and B share the same n imd. cigenvecs- if and anly i AB=BA.. C“"m“taUe)
2. If A is mxn_and B is nx;n —(/mz AB ‘and BA have Some. NeaNZerD c:yenva/ues
C f 1 ~A AB 0)( (mxm mxn> ; Cand |- | zeros.)
I qug_ Ah B BA il E has 11 eivalues of AB +7 zen
e 9 ) SO E )NF“(BBA) g!hmsmmfnwﬁ(es' F}m.f)tel A afBAfmzem
3. Suppo:e . Az nxn inv._, then Alzis Szm;/ar-bAaA,ﬁ same. eyenva/ues CB choose A,)
K. Gershgmn crrdes Emy.l :smdzc'czrde_arvma’ me_or more_diagomal entries Giy:
l%i"’”‘R Z la‘]l

 (reasom: A-AL. :umyu/ar it canmot be TP _: ) 5"
d»aj dovwmart.): i ‘ 9

. s PSP SN YIS LR L S S, & < SR s

[ o eujenw:lue.r of A e7ua/3' egenva/uasafA (siwce . det (A-AL) = det AT-AL) ) &

The eigenvectors of A and A” ﬁm,dﬁﬁ‘zzmizb_are_fgr/aendicu/ac.aw}t spmamt s

/5»466/111 XJ. = x A X =2, A,xg X; gxl & A *A leadq -b x‘J‘X‘ . cljenu&(’ m%’fo
BTN W T, N - Saesn e S

Cor A= XAX" AT XTAXT, the efeuecs of AT are KT, K'X=T feads % % ci%p=0)
o . u@l’ﬁ’

|| ° ﬁﬁ-ﬂ'ﬁt%" ;3;>= ’/"ﬂe’fe”‘;e‘m‘f" (yﬂ‘/\y) rank-ome s sum, - A=A xRy tA 2

— " HHer] everycod
Hac{amara/ patri H* (: ’l> Hij = 1 and oyﬂ):!/ ¢so nmmmmtnl:eft% H":i

; ' o L_Sylvester —rheorem ) H\/-—. (H‘ ) v Hadamanl 771
S (== ™=~y e B S T e
2. H & L ] ; % ey DR Lar el ____‘,otl@tA L_L wes ——
essenbery matrit  Hy= ( —) ik 4 JH o equqlzty ackie: e
_(atn. with me extmdaagl-,,_ ij =21 and rows are
MHel = RS+ TH =
M k / K wal t nzl (F‘_‘m““:ﬁh) e SAs
. Markow matrix argest eigenvalue Amfthis i
Mar. mt. each cofumn ac(d.s up -t:/yez;::;f Wy—s tate A
i _‘(Prmﬁ Smce A —-AT,‘Ehusmy[ o, l‘?_an: e
T s sk o and Ger:hogrm Cirde
e tefs J‘G,N"Ei% g N —

i ——___
> |



6. ‘ Eigenvalues and Eigenvectors

41 _miroduction .to eiganvahees

An eigen vector Z lies almg - the same line as Ax : Ax=hx The eigenvalie. i X.
_ Then (AADX=0 and A-ALis smgular and detcA-AD=0. So 1. Compute the det of A=AL,
,‘ 2. Find e x_rovts of this_polynomial of degreen. 3. For cao{ A, salve A-ADx=0 o frud an.

The eigeniabaes of Aand 4™ are and A™", with the same eigenves, 97T %
) (Vieta's formula_or geame.fv) 7716_5\14.m.0f the ,15 equak the sum down. the mai dag of A or |
v Called the trace. E; = 40040 trih. The products of HeXs equak thedet of A
- gfec»a/ mts, (properties) lead - special eyenvalues and eigenvectors . A= detd,
:"»/ P have A= land 0. Reflection R have A =land 1. Retution have X = il

Onlyd  (eomy lex Y
 Somgular m#. jas A=0. Trianglar st. has Xs an s diagemal. . Idertity mt. hos afl n X =1.

Sym.nt. can'be oaufnred t a real vanider, an('ls}ou wit. can be coupared o Qu neeaginary

- meOr
- Orthogmal . arre:fmds o a_cemplex number with JA =1 . For these three. 5/ecla/mts.%e”

| ceonjugated) _ enjenve« e ,per/eaa{:cu/ar/
: T Nermdl matein el
g bR c{myma/zmy a '"“”"" At 44 ®  [In Ibhdas /VA/‘A/A/TI.;E—A -

o Ax;=Xx; are -dte el of AX X/\ The cgenvq/ue. match % J»agamland farrisfmd
T with the orderofk X | ” |

”n ma{ eigen vecs dmyomr/:ze A: A= XAX A =X"AX calso ngml;ze_ all poers Ak,

4' T Vo€ 7ua/ eajenva/ues ind. frpmc/&ff A, so0 ergenvecs we ind. Xu v and A M) -
T Equal e‘?‘”””/“e‘ ‘A '“{7/"5' have o few sd. eigenvecs. X fails 1 i

: we have—GM SAM Cgeometnc multlrhuty ¢algebmic multpliaty r"vf _~ . AN
s when G <AM Ais not digl, dmC N A=XD) ~ - reots of detA-AD=0 g’ A st

(SMI/aY' m‘ws: » (4 because WAJLC WCGSC‘ durmg A:é:[ - ’""l'"f/y,l] to
- e Lom it e, g e Ty TR S o
all A= B¢cg™. A~cC. Sln;'!l,dr_{)’ g}\l\ s I , ‘ S L -.-Z;;Mo |
-the] all share —the-eigenvalues "fC 't N i L o r L)

Cblack is zero whexn li) . )CSS'CJ : so¢uap,” C,x'
Classical emnflcs . S T A ,Wd alletherC; <o g
@ Markey ( ) ( o ) ) (c)) /1 —A y-):,‘ @FLMW .-A“ (L( -,4",(
1' Jchqn ﬁm) (A 21.0) ( 4 Ry )
(A= D] cdrfference )

—




A SR R—

Sx<AX. Sy:/y Its Co/ffGGCC.LHu//;PqQ/r
/

Canozl.way: Se i o, S0 %Ly Aty
o' we cart aall R is Sc;ym.)fs S7rong
- 1‘&’%'?}".-&)%\&;35 if$= RR.. SO'ﬁvm didj/ize we
a prf of sym.mets has oo, cigenvecs i algebraic way : find R canbe = yiq,
ot m%

S = X /]X—’, ST= x'_'}\)('r > )(TX/\ =AX"A or AXTX is Sym. w4

~we kiow if A.B sym. (AB) sym. needs AB=BA . o A and XX commutable and have some Elgernty
smee /A is dmg 4 XTX must be/«/«: I °r/\, its @. (ana.way.' l,x"y = CSI)Ty = xTS‘y:}zx".'y
i _® ab“_,g »}tqszaw}yer”‘gisg iy Sy)um'ég éan Le c{,:agma/ized: CX:Z,:.‘/!A;) 51:Ty=ol O‘I‘L‘u\g)l
- [Sz:kar& 77:80@]: Every sg. A factars it QTR " where Tis upper oi-and @ =& B |
Faniinee ey AETI. If A hag rea/ ervalues then X ""‘d T em be chosen ’ea/ @'@=],
Comparmal: if § has When 57=S , T mst be diagoral: S=@AQ,
'fl-ef'oﬂ'bed—)\fﬁ-sh'yhtly change 5 diag € ¢, 28, xc) < With ¢+0°; Orthonoymal -eivecs resaned.)
@ reql eigenvatues: Sx=Ax.—>S%=3X . XS=xA.
b
TSx = x7, Z%x =, §2.0
| Cllmes BTy N FORERAR 4|« pitive s
| @ same signs with pivots:  Z'xis the spuared Jogth »o. e /e A T
tri.fac. S=LDLT = ( .3 )((‘ 'S So X=X , it real ‘ 1%5 pure bmay)
oo - - E L ORI <,-") | B a—— always have pivetsd
when men)es "f"l CO—=~0), IDI" has Cigenvalues =pivvts d's. (eivalue —pivet) |
But o change sign, a veal eivalve would G35 Zer0 —v matrix singular at a morent X
o %Zﬁ ~m'(,uwﬁenf matrix: - the ﬁlbwh«.] fr'fosit;}ms are eyuiw/enf: $07%0 sign changt

" s » n rA)+l I movir
_ ® A is nilpotent (Am ,st.A"0) @ A"=0 «—A 20 @ all Xsof A =0

® homd) det A+RD=K", det ckA*+*D=1 O VK 4rd" <o Uf@ﬂﬂrﬂquilm'sw:
Vk ; , | Clgenpelynmsial: dee NI-A) = X
C?jl;/-‘fﬁ- A=T: Wothinlg new. A==l e's,a sy Frthe) for ""“[f-t‘i"iﬂ- }’f fe
- -b’lgu‘we/zave fCA) =20.)

. e . . . At, A A

o B4 EFBRIC - ames €M mustbe e by, e-des.esﬁA.cAﬂmbea//d'i |
- ----'

- whenAis i, X X7 e are abo ti.  Csimce p-a1: ‘JQ Pt fe‘-e‘: A

At hth

A

[ M)
| %

. refea'ta{ A: c{;q]//ze is im,pOSJIZ/e Jo. Mfuf&eﬂt aé[ﬁﬁ'y» g

/o _ At It _A-Be ¢ iMeh{.iycfstéfsw&-
Ax (-: Lyedshl. € =6 € e A Dt) s U-D ko, oy
l : I ‘ At_ st siut . . S0 we £ 4 )
T GRS A 7'0) - S <-.n‘~'é co’:t’).’ its elgetvakes are f;:d ii/‘”
| (A*-D) "

A 2 B T ; |
. extension : éosdne‘ﬁr”‘ :selve a4 = A e A-t-'_l “'2'1’4‘;-*#’1 LAV
Shert form U, =cos At UL, / 5fedfic form Ueoy = Cr &+ 6y . D
| Uee, = & uSJ.'-(- b &“‘laf-z_,_




43 systems of a'iﬁ‘erextia/ equations

P : Xt

Z" =Au. "f Ax=AX then Uty =€ X will solve it. each A andel've.S a ind. solution .

3 start from Ups - it can’ be written G5 comb 6X,++- + Galy arXcztly,, €= XK Uy -
: . A¢ -

then_each eigenvec is muled by € it , the solution is U,= GeV%, 4ee t G

d
) (atpast E(z, =( )() you may use Z—(yts) =2 p nstead of U= (). Uyetr=C ()7
/Matrfx CXfanent:a/ fo'rm 8 =I+A~t+2, At) ¥ . (e'“ : Ae’“.

At - :
l;t At -/ At eAt,XCA )( P qnt" (AT_A) eAt. °rﬁ /
S50 Uetr = z 1€ = X€' X U,=€ Uy, - ym, (A= is ogontd,

(we_all A is stable when ¢Vro tus all eigenvalues «f A have real part <o. smagimary part
l|ationt,
Ot includd i tno Xs are e, it m/y e eifenvec, ang, solutit i mﬂ'i’e‘m@ )

y 44 5ymmetrzc matrices - ' ' //// ST=$0
’ ’ e A“’-Mt 18
Evegy sym. wmatrix S < be diagonalized, and has - ikl SIS i o
(B’maple Axis / 5fedra/ Theorem) S = CQ/\CQT n rea/ cigenrvakees A; and det >o.

A 7T N ovthonarmnal eigenvectors
'.9‘ The nwmber Of Foutfve etvalues ofs ‘_.Thc ket af fosmve;f::ts S ({me g‘ﬁ)

G‘(rms}m ma-tm: A --A }we wug X's and ortho, cam/z@x cS»grzs ma‘tc/zedj

For rea/ matme; cmmsym) ,mmf/ex A5 and X's come m Co'ryuyqte Fa;r; Ax -)fc
p ceveryartlu @ have b\l [ smae'dten) ~‘ ‘ Ai=;\f

6.5 - positive definite matﬂces , : AR T
F positite definite (spm.).S: all eu/a/ues >0 . all pn/ots >0 e all upper left dets >0 .
f
” — % Energy ‘based a’ef/fest') XS % >0 for all vecs X#0. <se obwously S pos. Tpos. =S+ Tpos,)
Al ft (to rule ot zero). » S=A . cA= dulcs=LID/A=RIEQ" etcd.c X"Sx =lIAxI >5)

?7- positive semidefinite : dlovs A=o. piwt =o. det=0, XT5%=0 <X€/ﬁ$>} A has c{ep cob,
=XNA)
Jeometry: \ The qraph of- x"5%=1 is an elipse : x y)dZ/leT(K) (XY)/\() A,XM,Y =
4y The. axespamt almg eivecs of S, half ~lengths areJ_(X AL Y—ax) Mﬁm

Cif one A is neg. e////:;e dhaniges to ﬁy/’eriala )

it
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. a &frtgﬂwnce \ SIml/m‘lf}l — same transform_on diff- basis.

L

s g i i i R R R RTRNERE R |

|

0’ Sros.TPOS. —- 5T "'fy}ltﬂo-& “yh(

jvalues: S '
but pos. € c‘lf:c)"szx Ax
= p

¢ Mormal mchudes syn. M{"S}’m artho.) ' ATy
o N has n orthonoma/ eigenvectors w=-aeAQ™ :fandcm/y if Vis normal </VH/V=/V/V”)

prof: o v2aAe" sdin. @ ScharT W =@T@" and Tis A

’

o sym.§ . @ no diag entry an be /dryer than lw Cuse 5= ).szia-m
@ diag entnes fq// 2 bebween the As. (S, AUZ‘ )

sk

LR MTS  congriene — same ln/mear/ o, zﬂvmr/mefné on diff. basis, |
XTAX = T d TthJe‘% ‘,lf e; .']C ﬁcn TKlR'k;R']‘ m’tﬁrm T"K TR‘ J;
LCACx . . , . some_quadvatic mrfacc on diff-basis @4 4

5 a ‘ I" 730/ cngruence < eyua/ mertia imdex., keq e i / ey Inertin sy i

In o«'mf/e;( mgmence —> qua/ rank.

- Jordananoicat f T !
Wl o s A ~d = ( i J) o (5 ) T RLIVENN

<T;5%7f£@;]' #}1, gm = raonber af abrdznb/nld 3 .= 5@/6/60/3 U‘f Jovdan L’ofj(-‘ i
fi%‘& iy a»i#ﬂ AR Ak - Call Ai adds

A XX A% = XJ solve %y mebyater (13, ) A-ADx=o
ceach Jor. blocky an M) 2=k,

d,mmfcrf mlfat A has A™ ' '

PRI Jco, " a more classical wayvamém (A- )\I)K =Xy

mce 2 Ards ( Jco,kp) = QB" Decom f‘b A~ A' QA=A )

rd) =rd) chce,kz)> 2 k; =] so K;&rer+, ‘H o V= ker (A—,{‘I)”' -d:en V= é'\/ HF

ratl_ @ Cydlic Demf Vi= é"P‘”‘W w: osz‘:l'} 'g-i—]) 7

vk T ]
<T’2’%’ :ng @i? CE o o A ‘5&% .m

° rank-one decomp. / 5fectm/ decmp. : a_synthesis “concept. of decamp: A=sEA; G; = 2:1‘ o A

Y g (GiGi=dijGi if S)
: i mﬂ? v ”"“L,a. is. z‘ei«fci-’ /\fzs e Eigenvakue. (Gi= 387 LA

~— I 5enem/;ze #: dll n rak-me mts 4,0 Tadds up o A, Obviausly its not wipie.
A @ rank-r-mt-can-be expanded by r fank-orzemts and at Jet v Cra poktk yemf
P=f: A . be_elemartary. transformed 2o P( ) _s0A= 27 '?
and smee v cAtB) £ rd) +r®B) . at/east shad v rank-one meps

g Table of E:gens [Matnx/l/.x] Bex
Ak etk
¥ n f’m’f of canmutable mts have commm eigenvecs: 4e5p. naymalmt- A have same—
A has a A and its eigensubspace V, . V€, so ' VA also @ invariant KeulA it A7 A
ABv =BAv =ABv 9ubspace.of6 There /ws A, oy [
be a,u that st By = MY wm‘zﬂu-;lu e

Ther U is the covmen ¢y,

. N

J ‘°'k¢', ),ki= 0o — A

4&711475 d/;;';«yu/ar values =[ asweflas]. - -
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7 _The Singular Value Dempositim SvDd ' left sin. vegs.

singular value right sm. vecs.

AT TRV D T S FRCR | P TS

7.1 _image processing by lmear algebra

T}@ SVD Sepenttes any watrix A into rank-me. pieces A= 25 u; V .in WV@]""“/’M
1267 6. >0

(the degma of
B has infinite rank = — [@] has low finite rank. Discard small 6's.* imeage process.) |

22 bases and' matrices in the JVD A UsSVT=usyT+-+u 64,

y A
_.oneway-to deduce AAV=6‘ Y —> Av =6, Uy - ATu;=6,v; —AATY; =6}
. beth A"A, Mrsym fos 2. choose u; eCcA) 3 dual 2. * U; ae eigenves

The cho:ces of w’s and V's @e orthon. % u; =4i;. VV =4ij.

Y hosem to be elgenvecs of A (U~ y and we " of AAT s0 again U
e with 63 >o % mnzemd)( CMP'V( .. U ERAD=Cchy and
KT VY b SRy e “irls ;.’ng- % vt"uiso left Uy~ %, €NTAT)

Iefé P “Vn Gh’ A, (U,
ATy Ty Il
TTo cnclude : 61 &2 are the nonzero elgenva/ues o;z ?'}1am{AAT. CRi)>
— the arthon. ools Uf U and V are the eigen vectors #ATAMJAAT S
. Also_those. <ols_hold _orthon. bases for the four fundamental subslmces of 4.

then dpagmal:ch AV=ys S G RAY  yqp €D (A
Creduced 0 - (5 0(% ), 3’
TMXTT Ry _,,x,’: 2 ' Ury Y,
,vfi/’_ VD (et (B D i NeA™
BTt ( ) ‘esf When A is /zas csempon sym. »et and onlywla]
PR L) 1o Crevpdues | @ A= XAX " @AQT=US VT (X=U=V;
) Smgu/ar versus Ecgen P 4 Azo.A=3)
' 3 I sy A=0.0.00 jt?mlfg 70 > 7o, "~ The smyu/arvﬁﬂies are always
. ( ek ) This shows_serious inftabb‘iy of stable. & G emerges. as 5‘/;, FromO0,

favoo Cigen values when AAT is far from A’H o=3.2.0.0 7
— At the adter extrente, ART=ATA wormal” means A has
s =[x
ortho. ejgenvecs and Stable egervalues.> : g I" N e (ﬁr ‘?) ‘

'7TA =Ts, =det

one my me- at-a-tme mstead of af|-at-once: v S=ANeE V.Z ZVT a @ (—T,;'c( -‘(T/;i)
2 5 TRy e

A = max % ; when x=g,=y, 2o SEAUYTH -+ A YT A=G Uy """‘G-V;f.h

101 = max “ﬁ;’ yohen = wax ’”M") (Rayleigh yzwflwf o= Q’—‘, 4 You caan see

%

Ay max xrsz with gTx <0 whern £=4, =% &% a5 Z . the KRNRx = %l/l wos@ dm:e/\
{ a. 3L <o, [or next step, &Txlmﬁrstamfmmt

0z = Tx =0 when X=%,
m%'lll with yTx =0 W —or s = TS
-‘

¢ AxI= IUEVFI = |5y
€61Vl =6lx].)

M

n




o’ M FiFif]: when g, f Ptho,, we have 0T t80 =1, vice versa. <

° QA has the same 6% as A and @SQT has the same As as S .
et o sl 6750  ior. apia— by,

[

2 Omax 7 Mlyiax ;G $ [N sy . Coxip il ¢ sl ; IAKIZ 6 dotar ) ) f
: =Nl mve»se-bA 6,‘,.,‘>l

g piEic I, = ZIxI’)r (Isp) “Z o I-nerm. -‘L-nm P~
i A T ST e ztjk*hkw leho@ lI&xit= 1acuxu®nxfynsnxn+uyn Euclidean) Wp{ 1
- mduamg narm, sperator noym : IIAIIF < max HAxll @ = JIAlL —-moc Zld,]] cmax col sum)

i %P H l
" Frobestius sxarme ( E-norm): Al = /g,;—r /-——- HA!I s /qu =6, Euc./spectran)
ﬂzearem N ch) <Al C(‘.: Sfdnonm&“ =/Z '”“‘7‘ Xla l = [IA",
(A =ma
| e e =0 (WS, AN llp st JAIL <f¢A))+E”; XIA b . ,'d'e”'e'“‘lc ae‘Lfa"‘{f"""“b-
} ‘ & ei—w{"?t -l is 2-mrmana'A ;s sym_ 7 _ fw‘ ’f’.:;, ﬂA"ﬂf

o[fn/?-anemil/f d’uVT(um'l'vecumdv) A= V M+C“uT AA= py"'
; cl) ; (R)

o’ svb o%A is. cyuwa/emt o the cfaagm/zmm of sym. M= (A o) wxﬁavec=(,()

- S R — — S .




R (ARTA

' , N ".
Z.?pra'rtClFa/ c«mronent arla/ygis CPCA by the SVD> *

Qafa copies in & matrix : N samples and m measureménts per sample . |
5 ub;tmcﬁrtg the mean af cads vow 4o center A. Then SVD finds the (X V)

CSam,/w oow.nawce matyrix: S AA elyen 'or m«L ' that contans the mo;tnzﬁ

{J 07 explains the meost yaiznce.
U Thew we fmt/ Aam{ 0. U and the /au./my drection in -dfe scatter plot,

" Total Variance T = 52+ b 5 N fei gt 6»\:5) PCl accaurrfSﬁr Offota/l/an
) PA= ferfendwu/ar Jedst: s Cn-ﬁ;ogmal regremm) Cnot: OLS /vertical least squares!)

AAx=AT]
i la ll AW+ 1A = 2 14551 +7§ 167 uy™. When uAAY, maximjzed,
?/_,Q_ ¥ &4 the squared djstances sum mmlmlze.
W/a-c;m Mactriz'C = DSD. Cand o, the seamdlnsction imardh

measurements may sl i wm‘s and o'rgma/ scaling 45 rot mwgfn/
DA ‘makes row have same /ertg#z =] or makes S has /% ma&ay l:y dividing S, S

AH’ EXW/e.s ‘® Genet;c Sasati mEunfc g?/ @ Eigenfaces. @ Model order rea'ucﬂm FOD
(aWhen A is centered and mes7t, S's have at most @ Web watrix CPogeran/() ’5" i
n=| rnorzers.) $ yield
/] m
L4 the geometry of the SVD < i 3 'éé— %"* e

AZ” . — e
The norm IAIl = max S = ro‘ta'um rtre'td!my rotation axees l,zs;*,

tri.ineg. IA+BI £ NIAI +1BI, productineg. IABI £ AILIBI CF"‘”’F= lAxIl< ANzl , tintes x>

_Eckart 'Ymmg ¢-Mirsky) Theorernt.: The closest rank Kk mtto Ais A =6 “1767"'""*6',.8(,(1/’"7.
cllA Bl ZHA-Axll = 6y VB°€ch>=k D
Po lar Demuf. . like €%r , A=@S where Qs arﬁogcna/ and § is sym. pes. -‘e"ﬂdefmrte
rotation. stretdmg ~ Q=uVT, S=VEVT if Aisinv., Sis pos. defimite.
s ———— g ST
a @Q=0vTis the nearest 07"&0 Mt.blzﬁ S is the sf-mt afA AA v Cq.(fo/j =k® wwj:dch ;fu'r)
N R=Allgssse - - — St

A, is the nearst sm. Mf*"A l’y‘j""'f'"ﬂ‘f hzm \




I SIS, W (e oS A X7
| per
fseua/omverse af-A AT=Vvstur ¢ -n-V,g),,(, f'&_. ) Ctye Uy ‘2[/;?? ‘)’/Yﬁl
i A U= Z Y s am{Au r-:om‘c»r) (oL AN ”-ma’:{vaf exists. CM"‘)‘-‘-/?ﬂ)
If Aexists, A"'..r the same a,sA" in dud' wase m=n=r and VE (o A= Cﬂ)
22 YSARN - ;q»j
L—-imce b5 2= (I‘) we 9et /mt omto the co/s/'ace ofA e I{QC

AATAAL ——= A" mi“i» e oo A€ A, e
| S 300N “§PZ°J__!!£@§S).. 2 , ’ A fn] \ - fa Af,_/" c

. : C A+can get Axtin w/spac&
—back to AAxE =xTin rovspa

K= (L) o esdipace =3 22

| Sl . L P YO ipae 3 e;,)
/east syuw with deperndesct co/.s A"Ax—ATb has - f M &) -—————a:f; nﬁ,,f;.‘e
| f;eua(omu gives @ way % dm:c a l:e;t

many So/utzms when A is 5m9u/ar

e ————————Selution: xt=A b ki i e shartest
solinitha (1 g e ﬂ"/b;acc/arf)so/utzm to AAR=AT} and AR=p.

IfA is fullo-:/rank (r=n) then it has /efthL CAA)AT LA=] A*—Lm-bhsazsc

If A is ﬁ«// yow rank Cr=m) ter it has ny}zt inv, R = A"(AAT)" AR=]. A =R iw Bhis @se.
(pm:-f—' LA and AL ae pn]s nto row space AR am{ aa/;,aace Csub o-f’//{ ﬁe mymp).

o, N& - ___..AK_aml BAM)_ = ettt o
t

& R BN N S —_— P ol i i
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£ X . Linear Tmnsﬁ'rmva)ms
o 8.1 the idea of a4 finear bwtsformation
A bansfermation asigns an autput Tcv) te each input vector VEV.

—Linearity "‘7"”35 Tecvtdw)=cTony + dTows . Note Teor=o., 5o affire trans. 1sn't linear.

CTevis Avsu,.ex)
= Lines = Lines, Trmn?’“ —a]» ‘“"9/65 Cormb > Camb, 5o basis is 1M/’vrtmt =

!
| A=<: 02 :) mt . form, of the JerwaceweT- . With basis V; = x nulkfaoea line. in ﬁnr..,?.
___and mtegral give the pseudoiny. T =f dx cmtfcrmA (_Lo ) AR:Cr) A = 1.
__The fm/uct o'F‘tWo trans, (ST)cv) S CTew) still linear. Invcarse trans. T~ brmgs every vec

— T:V=w MeDFT set"fwf“t’ ke"”e/"'FT= setafali m/’"“‘ ‘lG"w/tJv;:::)fa«V
Ex 'Tw: Av (/Im95> | CCA) _ t/rCA) )=0

5 the matrix O'F a linear '&msﬁ:rmmm

Every /m,franf ﬁm Vto w can be. converted to a matrix. Thusmt depends an bases
| Co/s of et of ﬂre matriz vw// vontain_those mipu'b T to Ty,
-A__Tcl,/‘) = comb of mtrut basis vectoys = Q, ;W + + @ W:

my o

_For cfi/'cry v eV that v=ay U, /inear(ty gives Ten =aTom+tonleyy), as Ac.

 Multiplication_carrespands. TS: U=Vo W, AB: (i (iap) = 0.
pa— RY R* R™ t5di) " g
o 01M960'F bas;‘s Ve= VC C.fdme vec W:@leﬁm) ' wrlﬁen)w:ﬂz'i;f;ardn/‘o/‘;[’
| - & VB"V B=v’ v €=Be do R spifle BM"AB,,V, o bagis)

r— ‘ Tic, | Cofeourse s
~—~,33 fﬁe:eardt‘ﬁragwdbam '_‘"i, SCi sl W ) N ..o
. vt?csr, B‘” Bmt ecjenvecmi' X, XAX= Ctge.nmlwmA CS‘[ A cmdlmsn zml. eww)

—

2. By =1/ and Bt = U: simgular vessof A, UAV=diggs . '”metnc (44 @A, "’"‘-’" Q&

rqre ordie)
2 BB ot = 3e:gcrq/u&{ ,ciyatlled ofA, B-'AB =Jar¢{anfran (stA .bu‘tm{yj <n md.ves.) 3

J= ("L, ,,,Jgfa?an‘klo.ck'J.z_(Ai."t.» A=k bt ome bock)
Js> ;) @ - A-;DX,.,, Jsm:tcadaf-o X; =0 vl 0-0).
B Y msm‘/a,.,f-ywydzme‘ﬁe‘me Jordast fren, motothorwise. MJBx 0
In app. We take J K and €% ¢mwolves et ames powers 1, €, - t"’_’) l

(Jordan form is unsfab/el)

|




ol "ﬁ—ﬁ- "L‘}J" (§)8 {
) "’3,'7’ L if use powers L %55 xg'""““fmb
* Hilbert matyix H-= Gﬁ% 3 Hif if Wi

’ t/“ i*f—l

irj-a, « BTB s Mot artho. and equals H : by i
x(fo_x. -dix) His ill-conditiomed . |

° FFT Mhekilh:
e F- Foef 1. ulr ,Adl“
[ w* wt

,' wn-r (;j.um ]
‘ v A’ LY P’ . !" .

¥, 3 s PGl jad o TN b et Y g
lo:;)' | Wt

o F""’f"F der 77wmm WAU=T. o sy Ly o “Pwb
CSchuy Jecome (Ae(," u'hh}y T-{;—,)( )

imduction:  find A's A, a egenvednr g, .epand itto a basis. :'b ’ (»
L CTHo,)

-w

-'l,
Y=y Uy (A._% )-#zn G the” sameﬂmg n A, +,/m é’“y’

‘FMG/{V (Y ,,_,)A(U.U iy = )%HA;U; (" } U= 0U> I'WW
Schur meyua//z‘y ZIA IR‘ZZ Ia,]L (p)vpf Il&,l ‘zh‘ < le‘ 12 Z I ':.z-[r(rﬁ
o dtarge inA” f'mn a: c}gange i A lS)uermey w%n fa," ”m’"/' e wnit P

an = Wavdbuyy - Marrum ’l"”/ﬁ" ‘{‘ﬂ) ?’R'!

: -l

. M=1 uVr M I+ VT‘( ( mnk ~me dzange) AAxaL—DMy b (M-'A'”VT)

- T4~/

2 M=A-uvT, M= ATy A ‘;:’,’L__AL Dsolve As=u , coupute c=)-v

3. M= I (VA7 | = 1" =) L S @c#o X
+U<1 vy ‘““"TH""

4 Omatrix mversion femma) A= A< VWY, M= AT A e VAU g 3

dr=det (AL-4). ﬁem/mfm s i

corollary:. .- A" can be siplified by' =0 doringragia, dwaablemts are dexse.
A -A™ can be expaned by a'jCA) ('qu)fcm A & get)

o Hamilton -(Ay/ey Theorem . @)



(DFT)
¥ Bin=Bat = Fourier matrix F, Fx is a Disoete Furler Transfrrmation R X.

[ I

(yr(ii)

I2-1¢
' 3 .'
€igenvalues CotGAt AN GA
A = x|, £1)

i
 the eyenvector mt. F diaganlizes the permutation nit. Py gx, (1 ;‘) s
= Fis Sy ortho?  Cireulayet matrix: C= (?; ?. ccz. Cc:.

Cuni Cs ¢
unitary) 3 <

t @ =%

[N !
_,MC.SF. its fowr eigenvalues are given by fe = (l,'_i, ',/‘_,)(Q) - %
i B ] !
5. The Feuvier basis. | srax, 05X, ymaX , OS2X - fenotlzcam{ar%‘wym/ so fourier a’eﬁ !
i ket o0, Jinetiss =
X -3 - ove i l b T e i
4. The Legendre vdSis. |, x, X*-3 ,% %x foms i cosind®
H
_ come -ﬁmapplymg the G-5 ideate erthoqonalize I, X, x2x3.. ez ((Xx’;) _f_. so %> g:'x..L/x,x
J

__t.1he OIebys);ev basis. 1 x, 281, 421 3% -+ osne w058, cremind even Lodd <x).)

__,7, CO?"/?}Q«X Vectors and Mactrices
cmp/ex ‘o,éme, i

cumtyJ

pelarform. nth rvtsof L. lf_l-r‘ 8’8_.___
w=g T 3’,—5-,‘;-_;,3'514,32

_ %X hermitian and unitary matrices

_ Real versus Complex in_a nuctshell : When you transpose vecXormt A, Take the complex
con uga'(z ‘o,

Z7= 8" called Hermitian or adjsint.  (For truly useful uPu=Iull? por 07, -

A = wlicAt)

ABYH=BYH
S =5" called Hemn‘mn atrik. 27SE is real for V5 ; all eigenvalues of S is veal s

eigenvecs from diff eigenvalues are artho. gy <o

(@3 =113]| and thex R8=A3 leads v |A|=1.
_a geod yoe space is ne Jonger CAT) bt ZAt.

dot. -P /I'nnerlp : ully  the arder is nov yusportant u'ty pHy,

- =@ "Re1, @M=@" csg.) called wxitary.

CFFT) | oot % Ly e |
13t it Fier Tome o= (155 “’3)( w()
. -1 IF iaﬂ‘.’. 070 sl C',. : 2xi ,
£ b f;-Fu Fnﬁcﬂﬂl ﬁt ; = 7. = g Fils sovfes <408 P w=eg5¢ t
P 470 S:cq/ space ] aenes = n : L
e fre?“ouy e —— FF )f 4 ¥ 4 <those i ,om#xcq,g:gs) equally s,a@{ oo, |
2 (wWith w=0=€ 2‘2‘1,0;’ S a_Cntry in nw] col K IS wl"‘, zeroth ,ma:t:”{o/mnﬁic
oD ermucte row i «N-; w®=]
B o0z E __’;;-A A Fr.mt. is the Vandermonde met. ﬁylntea?olatwn at n.
S s 2 ‘evm—oa&(ferm, -l ik 2, o (fcz)‘f)
e I;—‘, 8\ /F2 == y, " }‘—w Qk+Zw Coui
1 In "D*)( F") 45 |> (w'= ) Z WKy + % +5_‘ wl - wl= ]m*-w’j
D & I, o, = wg-l) CC s fma/,pennx'éu‘t‘wn
o Owr) — 0<3’:n éy;rz) o/0] bit —reversed order)
———_‘———J

e




1. neode
e ' = P20 ®
, ’ -1} o ©
/[Q AFF/ZWWS '3. A -f-0~l-o0 GJﬂC
«: - o - ] O f
et mrhs and . networks P ; i £\ rl _li %: ' S

__“The mcidence matriz A comes -ﬁvm q wmecceZ(ymfh w:fh n nodes and m edges.

szrmcfwn reduces every graph te q tree. Rows’dependey « ealges forma /o'o/?

N . The constant vec (¢, C-+,2) make up the nullspace., dim=1. o T /';‘y

’,___CCILTLWLe 4:6(531 of any. Hee giver: md.rwws, r=n-={. -3 b judge a ver whether

LA : Ax 3~es weltage daﬁ(; \//‘tqgel..a»w‘ The mfmen't: «rFA.x aca {:’:;;f"‘;j- 7=/
/rCAT CAMLQV /1 =0 (ﬂawm) —~ £y is selved | bj/ ::{f‘r/:rC;

. 'H‘CVQ m—rs=im-
,‘ smee Olhus l.awj’—CAx ‘Cis he tondu hafY r men+l am{ Gmall)/aof;

ers rmu/a
;f all c=l we]e'é 'the cgmfln anfacmn Wfﬁﬂi_,dcmthﬁ and C, : S Nokes— E‘(]Q{-iuf: =/
A CA f . we all ita )Zetwcrk) g csmalh
Ma@s_m ert_gmeermﬂ_ax oy ChAeS foyrrint. Souces i) :
o ax aax-rd "“‘n';', _ A’X is notiny One node /msto

(Cm 7‘J_fcx) with baum{a;y conditions :.- (1Xj-oJL"Ja gouded.
J:w{e the bar it hf‘e‘e: of 4K, Uco) =0 an{ (K(l) =0 or e 'ﬂtus resmove ome nwam{u/ f
ref/ace £ by Aand - 52 by AT, cthey include 1) z‘clw) " Cfiked-ree’ o fzxea‘-fuced) |
end cﬁ‘ums are U, =0 and (¥4 =0 o>} =o); _r(ku=f) N
—GaE mzc:fnmds Zo G—:—ﬁl‘i-—:f A ] b Ce - e=Augve A’ m“'f

'_,~ S
—_we hilE dea bbotids wi A nf/acm:’ d, UCErsX)~Uex). t{w--mz:azo K CXHAXD = U CX-OK) ;
e . T
(fvrward a/ff) = = backward df ﬁ(-' ' ﬁ"’waw( Ctbackivard - cemterel !,
ETRr e O e 4 'M,_M 2 wf~~__ L bS8 el 10N
Gl ,_,) () et (Tr) .(‘ Lpepe iy ),
’ Sy Am mEpos, > '
TS cr ERTEE
- {’Z”j‘m@‘h’lfwj, e v,) _;(.'l:']_l_)__:, G 2L, thys

D pos.def. (<50 andA has ind.coksS ':/ Y aluz oo, fls;we fffz'r]; ‘ h
K s full oust sparseywith all wtries (—' 2+ —_‘ P

¥ i in null:,aac
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| 3. Aolyame v.eR® st. v>o, legdzmdﬁv%'fmﬂ

° some proof of Morkomt. s propertics: :
. Z = A
A's cols adds to | —» (b7 an AT eigenvec withA=l , oo As R

(S0 all u, ol

. %
will perpendicular o AT's ,1,-". which mearns e Cdmwse@") fma/l] 9o % z

, % )
— e need to poof that allotherW<l: I Xy ‘
a_Perron—Frobewius. Thegrem.:.. . o (1 0 Peh<
it ‘ [ conditiemts : @‘&‘"Akw
*spectrum radius Ay = max|A@)| -, here ave some equal conds

(N:L mrrm) (_&dfand ﬁmnu/a/ovb e“ IHAI'M" qmm) ZA" MW
| (= L-4y"
(A >o> specr smmtomy Bel st lb; 1<a., Vij. then ﬂmsﬁaaps/’mL )

NVewmayy, Serig
specr with Swms : WZ Ay max3 @ Collatz - Wielandt formufa: With A <l ity
Crovfealy” LTy / g v dx), o

AX);
mm ——t & ("9‘13 $max —= =\
ch <Embensua: A 30 and rreducible M) % L s ::vea

then 1. FcA>>0 and has CM=AM=1. 2 all nanneq. eigexvec mf”‘d Yo Cigomuln,
b Call othey X's vec has entries<o) /"94

i Cleft €iVeC) Tyl et A s

. Ferom prj.: Lo (_"‘_.)"ww-f (reducible: 3Pss PTAP = ("C) (@ A= fpw)

. Kva "’ lockized uppertri.) . 'H‘enAsngh x:tmgly

- =Y

o sen sitivity of ezgenva/ueS= A makex .fma// change AA whdz iesuﬁ.‘.r maA:

4/ = (XraX)(A+AY (X+aX)=XTAX = (X- XXX VA (x+ax) +x SAX - XAX

weuseXA-AX" > FAXEX - XA+ XBAX, C omit the seoond fom
now we'll shew, that AX8X dnd’ X™BXN concel on he diag: A ¢ XAX) with (X))
' ' So AN = XTaAX,
° Fm{af-’ q-A" /M)d’viceabm PA=l means. q. o a) = yTaAx.
A=o, .smqu/ar, /oCA) 51 means a A= —’7«, e SR &cge'jrfeiA:>£T '*}0 |

(A GC’“")ZC&A ] fCA) <R d‘vso/ute ccnw)ye Q 1064) >R, Jwerge.
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o ® de interiar fomf method, gompute ¢-% and choose that ges the most ney. dhange .

f@u&mp_tmmt p= Af Ll F:,,,a -A)T'y  Neumann/ 390mc+.r2<. Sevies

8.3 Marko matrices, Pplations , and econormics

_ MorKov mt. : Crery e’"-"y 01e A is positive a;j >0 (A>0) ; every cols of A adils %o /.

. k
_w:[h,en,,_l, = fois )arger than any othey Va/u.e,s) its vec X, is the. S'Ifeaa/y oy uk=z,+§'f c-d‘.);{

. M= 1 Uy, ——x
‘—B‘f’-‘m ~Drobenius Theorem CRJR ﬁr/{w, All mombers in Ax =4, L are pasitive.. L

_ Leslie net. *_populatin: ( Al F’) with A 7| maybe.. F's and Ps change. maA akes

Pa.

& 7R kit N Tenads (L-AT < 1+A+A%.

it converges if (o<l 1 (o=l makes L") fol o exist; fﬂ»l-dwn AA? has gy
—(oawwet megt  entres,

2 L’ mear fﬁgrqmmw? % (A has »mt<n usxa//yj)f dc_m‘:‘f{) e .
BE Y problem . minimize CTX with Ax=b (AX2b) andXz0

— Dual poblem : maximize Y'b with Aly<c odyzo

_ X370 and the slack s =c-ATy 7o gave X 20 whid meons yb<xc + whex Y"bmax
T.
e,ua/.éy means sz =0 #ms elther % =0 or 5170, iie. y solves m o5 Ay=c in CTA mim.

the m components that are nonzenw
3eome,'ér] a feax ble set ('tre any/e Y, myl»e wréaotded aie Qf; ” x

7713 af-hmq/ solution will be e of corners. (m nenzerws and x-m zens>

O ist them ond Wf?% @ the Srm,alex method: S't'art(n)n memy-

aA %7 |

SRR

Maosw

|
Cemia e 8 e e S

5 3 _enter me-variable-0-+1; others have to-adjust -t Keep- Aﬁ:b—-—».

T vemeove the canstrams % 0 by “then dicide haw nuudt it can enter and c(m'p MNE var. 40 0 J-

e e wntil all changes are pos. — (move & ]
| Minimize g x-—&Zlo]X withg | 'efe"t a e o s "eylubar-)
;J“We Loporeicu-oRiaegtdndyd = = N & S ,,
& %t G- F - y) =0 which is %5200 . actually sied by Newtas's method citeration)

— fmner serves : lmear a/gebm ﬁ?‘ ﬁ‘m——w- - T

Wi = %™ 2 %  (Schwarz 7 "“Y v

~Hilbert space : if andanly if their length are 7“”"L"‘f‘_‘llfll"l j Py S— Ca‘s>

\fm‘ %% +a o5 L+ b,smzm,,a-sax-rb SmAXE" (onthon. Means | <X sjux fﬁ"’ﬁ""‘{" &
basig, 1, TR, =

"'F"" Zﬂ% +x(a, +L a;fLaO' ")

T Sime “basis ave orthe, = g = f fcx;;jk;dx e f fmamhxdx (Go= 4 ix f fm& -fm)

Corth
e ex. o, [
sl




le.6 conputer hi
F - g e KB D (KB

we use hemogeneaus covrdinates. note. to seperate ’point’wlf}z"vect«r'

52 ¢ |

Hoe are some operations. tramsiationT=[' (cxy,2.0) ke to vescale the space byc,)

caf?ne) - X.y. B! ) ; (add wunpoints hike ¢~ find middle. v
re,ica/mjs ( ‘%¢,> rotation ®@ 0 a4 weuse nwvec! pag)
. Tclao, %) o o1 -) meafm [-uuTo
i cany affme ma-twﬂ ,1: Tco 0 o o . 2 I)
. Tcoobo | nOrroy [-2uty s . ﬁaﬁa‘t.
Tco,0, 00/ . sametinies there aremore .st'ef.s ex. Cond”
-nn

L e }1 lmear a/ye}:m '@J’r‘ CryP't‘ong}gy et P, "V l) ( )(Up l)

__modular arithmetic : Invcmarz o{zeygry}l Co<y<p) will kfoml/e :foma’myof f Py

“Hill af)ter' ’-j ad s have oiff reninders , theremust be /. paee

divide. me:.fage 2N L/«d(s R oF:tzarz (m-my =0 ma(f 3ME M- cry <p- canm'é)

mu/h,{y eack 1’] en cryffun mf E (m.d f) dec;yffm ret. w;//Le E7 ¢ P s P/' e 4mé ;h;,;s :
v i

T s factars want |

-f;mte. -f;e/a( Ff {o,l 2, f—l}' o f member; defme its . % mles have mverse =() |
Fa. have & vecs. gjmts aver'F,, t}xB) maybe sin. e8 'm‘() (Ltcan be difficult
: when f B/ar:gc or dome.

' ’ Numcnca/ LmearA{ycbm b Sfeed accumcy Stabshty uany times)
I1.] Gaumm C/bmmaﬁm m ’mct’tc& '

mndoﬁ? 2 ] e Fd?"hq/ F,yoi)ng dwb.fe the /a:ryesfnwn 12 rowk. o below CXM
P - Cmay also exchange wis or resale

1e°7‘ pos- definite mé . YW oy anges aren't required .cno wprove)

Ofemtlﬂt counts ”f‘ﬁ‘”mt L auusm e/fm has twe aJmntuJes aver A7b:
L0+ ,,,,,/_;.d, co'Mfmed‘fort’mA Cnext % /

r¥A0q0 d 3 eym )
brth 9 nalizatven : %ﬂ :/'Cl:t:s::t:i en' & ]EA‘S bamled oo g 5 W butA i fu”
: <Kl ¢ T wAn e 2wy -
‘Euler angles : Q@ R, A=R where A is rtho so R=L1A=0qy &, az;; S !




o LA probablility and statistics :
KR D -
' l Computz

" Mimte Carr/o meﬁhoa(:‘ Eoo« E/;i ' ,F o aamanm 2?/""7"&4 !
| nm/tt/cv\!/ MC 2-leve] Ecxy= ,;,Lf-yd») —LZO(CL) )’d’ 2 wAputh

l-l

x »
C'fvr Same accumc] since XY has & ;maler 3 , V¥ o ""a//erd,w)

-f xed wst NC+V*C*=T , ofﬁma/ ratio 4 e _6: f—

- SK 2‘_}"3) C‘.mm)
3~level Ecxty = 7t /V-t e _” ., and offamlzc those /.

- Cowmance MEDX : /= E (cX=RX=50") (SSar fdx>

Lo Mos sym positive somidefinite. (most pos., unless -tte expcrmmﬁ e c{e/am{e,,t

|~ Correlation mt. _L"' u'vu=E (ll wTex=-ol* ) %0. “’“ lVI*ob

=5 62 -hans e for Z=A '
o Ey= K,@erﬂ‘]{wem 5475} . 'ﬁ'r for

yx')=DVD wl.aepsa(w,c;;j o T Vz AVA : L

. = X-m)TV "l x-my |
Crnu/-éwanaﬁz) Gaussian fcx) W?"‘IVI(Z N : mameansafx b

i - we can. diagmalize the wvmf V= QA™GT, Y=&K  X=QRY . whick means fidig +
| . 2 x
|  verify: [peodx= | R JY=TF R, =B (dX=dY) combs. #mtme,,k{\

coper
J'XPCXMX= fxfd)c/)(wl-mfrwdx am. - | I
e
Jen-mapan cméx = @ [YY g - £ LY@ = = AR T=v
. wez'yhted least squares : {‘"M . 7= f'Y JY Rz,

“Ax* i 2 2L 7= /“I
frewmsly me chavse % mm:mzzc b=Axn%, 93;‘.1 A§=AT5 J’ zzTp-5"dz m"“)
now we mnins2e E= b-AnTV" b-Ax). <« narmal dis. s*=21. M- .

nt
whrbtmg noise'—— ATv Ax=ATy b ‘]e 5 emors are not ind or W:;ua/)

b~ ){1 :
: c”‘eans bi 'fogef/Vco ') ﬁ@! V{M_ (m»t £ AX ) ; \ |

22l |
f 0N ’ % _ substitute lpy A"V*Aam( 5—*Vd‘b) - | o B
g W‘m off $m6€ x l—b CATV A) AT use bans. "%77’01/“ '&)5Ct Vz)d ) )
| ATH

i . re/czc;sz:e Jeast spuares th’t‘;:“/,r GraMic: Kalvmare ﬁ/fera

A (Withou k~ C & state

e (3 a=(1) A ) w'w w)?‘ —
- x‘==X.+K,(b -AZ,) . cov.mt, ) ! )

e - W -'1' A TV; r
Kalman 9ein et /< A "'VA‘" cthe same forrt) |
¥

W ‘



1.2 _norms and condition numbers
_ we chwse Cinovm here. sym.A WA=IN,,  A) (= FAD).

sttt o S0 WA= SR (-8
= — Ax+ax)= b+ l1a%li iabl| b _ 9 B
(o AX b 4p SR-S€ ‘"“ condition rumber ¢ = [AlJJA ;|I ‘
v T @A+afyxramizh  gaxl < laAl for pos. mt, = )—'—'-'“5)
sty Tx+a20 = “ T P05
_ egual when b 0/0'9 /myest eigen ,"x;"sb almg smallest_eigen, amplified bye.

1.3 iterative methods arnd precmditimm

) split Amte S=T. iteration SZ p=TZyth — o goals : speed perstep and fast

v convery.
/. Jacohi method : keep the diag A) as S oﬁ’-dz’ag part s T P<l
cdiag] o not.)
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